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SUMMARY 


This  report  derives  expressions  for  the  average  probability  of  symbol  error  of  a  coherent  Af- ary 
phase-shift-keyed  (Af-PSK)  communication  system  operating  under  the  following  nonideal 
conditions: 

1.  time-invariant  multipath  channel  consisting  of  a  direct  path  and  a  single  multipath, 

2.  intentional/unintentional  interference  consisting  of  either  a  continuous  wave  (CW) 
signal  or  a  bandpass-filtered  white  Gaussian  noise  signal  (bandwidth  is  variable),  and 

3.  additive  white  Gaussian  noise. 

In  particular,  the  effect  each  of  these  nonidealities,  individually  and  in  combination,  has  on  the 
performance  of  Af-PSK  communication  systems  is  analyzed.  The  techniques  used  to  derive  these 
results  are  not  new;  however,  this  particular  application,  which  is  common  to  line-of-sight  (LOS) 
radio  is  thought  to  be  original.  This  report  can  be  thought  of  as  a  follow-on  report  to  NRaD  Technical 
Report  1510,  “Effects  of  CW-  and  BPSK-Signal  Interference  on  a  Standard  BPSK  Digital 
Communications  System,”  written  by  Roy  A.  Axford  in  August  1992. 

One  particular  example,  LOS  ultrahigh  frequency  (UHF)  radio,  is  used  extensively  to  exercise 
the  derived  expressions  and  illustrate  typical  system  performance.  The  average  probability  of 
symbol  error  is  plotted  as  a  function  of  Af,  transmit  power,  magnitude  of  the  multipath,  data  rate  and 
interference  power,  bandwidth,  and  carrier  offset  frequency.  It  is  found  that  for  the  “frequency 
nonselective  multipath”  condition,  the  effects  of  the  multipath  on  system  performance  oscillate 
between  constructively  adding  and  destructively  adding  with  the  direct  path.  However,  for  the 
“frequency  selective  multipath”  condition,  the  effects  of  the  multipath  result  in  mostly  destructive 
only  addition  with  the  direct  path.  It  is  also  shown  that  finite  bandwidth  interference  can  cause  more 
performance  degradation  than  CW  interference  for  the  same  signal-to-interference  ratio.  Finally,  it 
is  shown  that  for  constant  data  rates,  the  sensitivity  to  channel  nonidealities  increases  dramatically  as 
Af  increases  even  though  the  symbol  rate  decreases  as  Af  increases. 

It  should  be  emphasized  that  these  results  pertain  to  a  receiver  with  no  means  of  compensation  for 
the  nonideal  channel  conditions.  The  authors  are  presently  investigating  methods  of  compensation 
for  multipath  and  interference,  like  adaptive  equalization,  beamforming,  spatial  diversity,  and 
multichannel  adaptive  equalization.  In  addition,  the  authors  are  also  analyzing  a  time-varying 
multipath  channel. 


CONTENTS 


1.  INTRODUCTION .  1-1 

2.  SIGNAL  AND  CHANNEL  MODEL .  2-1 

2.1  SIGNAL  MODEL  .  2-1 

2.2  FIR  CHANNEL  MODELS  FOR  MULTIPATH  ENVIRONMENTS  .  2-2 

2.3  TWO-PATH  CHANNEL  MODEL  .  2-3 

2.4  SIGNAL  STATISTICS .  2-6 

3.  PERFORMANCE  ANALYSIS  OF  BPSK  SIGNAL .  3-1 

3. 1  MATCHED-FILTER  DETECTION  OF  BPSK  WITH  CW 

INTERFERENCE  .  3-2 

3.2  TERMS  IN  EQ.  (3.4) .  3-3 

3.3  MATCHED-FILTER  DETECTION  OF  BPSK  WITH  FINITE 

BANDWIDTH  INTERFERENCE .  3-4 

3.4  SUMMARY  AND  EXAMPLES  .  3-7 

4.  PERFORMANCE  ANALYSIS  OF  Af-PSK  SIGNAL .  4-1 

4. 1  MATCHED-FILTER  DETECTION  OF  Af-PSK  WITH  CW 

INTERFERENCE  .  4-2 

4.2  TERMS  IN  EQS.  (4.4)  AND  (4.5) .  4-7 

4.3  MATCHED-FILTER  DETECTION  OF  Af-PSK  WITH  FINITE 

BANDWIDTH  INTERFERENCE .  4-8 

4.4  SUMMARY  AND  EXAMPLES  .  4-10 

5.  CONCLUSION .  5-1 

6.  REFERENCES  .  6-1 

APPENDICES: 

A.  COMPLEX  BASEBAND  REPRESENTATION .  A-l 

B.  PERFORMANCE  ANALYSIS  OF  BPSK  SIGNAL  FOR  t d>T .  B-l 

C.  PERFORMANCE  ANALYSIS  OF  Af-PSK  SIGNAL  FOR  xA  >  T .  C-l 

D.  DERIVATIONS  .  D-l 

FIGURES 

2.1  Generation  of  bandpass-transmitted  signal .  2-2 

2.2  Multipath  band-limited  channel  model  with  additive  interference  and  noise .  2-3 

2.3  Continuous-time,  bandpass  model  of  communication  channel .  2-4 

2.4  Differential  path  length  and  delay  spread  for  a  two-path  channel .  2-5 

iii 


CONTENTS  (continued) 


2.5  Channel  impulse  response  and  channel  frequency  response  for  a  two-path 

channel  with  xA  =  5  nsec .  2-6 

2.6  Channel  group  delay  and  phase  response  for  the  two-path  channel  in  figure  2.5 .  2-6 

2.7  Spectrum  of  finite  bandwidth  interference  at  bandpass .  2-7 

2.8  Components  of  eq.  (2.21)  for  fcxA  £  (1, 2, ...}  and  (a)  xA  =  2.5  T, 

(b)  r A  =  r,  (c)  z -A  =  0.5  T.  .  2-8 

3.1  Correlator  implementation  of  matched-filter  receiver  for  BPSK  signals .  3-1 

3.2  Desired  and  interfering  baseband  signals  in  [0,  T],  0  <  xA  s  T, 

ak  =  +  1  ,ak_1  =  -  1  (from  [1]) .  3-2 

3.3  Possible  demodulated  bits  during  the  interval  [0,  T\  for  a  two-path 

channel  with  Osij  <7. .  3-7 

3.4  Effect  of  CW  interference  on  the  demodulated  bits  during  the  interval  [0,  J] .  3-8 

3.5  Generation  of  the  average  probability  of  bit  error  for  a  BPSK 
signal  transmitted  through  a  two-path  channel  with  0  <  xA  ^  T, 

CW  interference  and  AWGN . . .  3-9 

3.6  Generation  of  the  average  probability  of  bit  error  for  a  BPSK  signal 
transmitted  through  a  two-path  channel  with  0  <  x A  <  T,  finite 

bandwidth  interference  and  AWGN .  3-9 

3.7  Effects  of  multipath  on  BPSK,  xA  =  0.0077  T.  .  3-12 

3.8  Effects  of  multipath  on  BPSK,  (a)  xA  —  0.25  T,  (b)  xA  =  0.5  T, 

(c)  xA  =  1.0  T. .  3-13 

3.9  System  performance  of  a  BPSK  signal  transmitted  through  a  multipath  channel, 

xA  =  5  rjscc,  for  1,10,50,100,150,200  Mbps  data  rates .  3-14 

3.10  System  performance  as  a  function  of  data  rate  for  a  BPSK  signal 

transmitted  through  a  multipath  channel,  xA  =  5  rj  sec .  3-15 

3.11  BPSK  probability  of  bit  error  for  (a)  CW  interferer  with  no  multipath,  (b) 

and  (c)  CW  interferer  with  multipath,  xA  =  0.0077  T. .  3-16 

3.12  BPSK  probability  of  bit  error  for  (a)  and  (b)  CW  or  finite  bandwidth 
interferer  with  no  multipath,  (c)  CW  or  finite  bandwidth  interferer  with 

multipath,  xA  =  0.0077  T. .  3-17 

3.13  BPSK  probability  of  bit  error  as  a  function  of  (a)  interference  bandwidth 

and  (b)  interference  offset  frequency  for  the  case  of  no  multipath .  3-18 

4.1  Correlator  implementation  of  matched-filter  receiver  for  M-PSK  signals .  4-1 

4.2  8-PSK  (a)  constellation  with  decision  boundaries,  (b)  bit-mapping  using 

Gray  encoding .  4-2 


IV 


CONTENTS  (continued) 


4.3  Possible  demodulated  symbols  during  the  interval  [0,  T\  for  a  QPSK 

signal  transmitted  through  a  two-path  channel  with  0  s  r^  <  T. .  4-10 

4.4  Generation  of  the  average  probability  of  symbol  error  for  an  M-PSK  signal 

transmitted  through  a  two-path  channel  model  with  0  :£  rA  <  T  and  AWGN . 4-12 

4.5  Comparison  of  exact  (dashed)  and  upper  bound  (solid)  expressions  for 

probability  of  symbol  error .  4-12 

4.6  Generation  of  the  average  probability  of  symbol  error  for  an  M-PSK  signal 
transmitted  through  a  two-path  channel  model  with  0  <  xA  <  T,  additive 

CW  interference  and  AWGN .  4-14 

4.7  Generation  of  the  average  probability  of  symbol  error  for  an  M-PSK  signal 
transmitted  through  a  two-path  channel  model  with  0  s  s  1,  additive 

finite  bandwidth  interference  and  AWGN .  4-15 

4.8  Effects  of  multipath  as  a  function  of  carrier  frequency  for  (a)  QPSK 

S=5  dB,  (b)  8-PSK  S=10  dB,  (c)  16-PSK  S=20  dB  and  xA  =  0.0077  T.  .  4-16 

4.9  Performance  of  M-PSK  for  fixed  data  rate  of  1.544  Mbps  and  (a)  no 

multipath,  (b)  H2  =  -  0.4,  ta  =  5  rj  sec,  (c)  H 2  =  -  0.8,  rA  =  5  7/ sec .  4-17 

4.10  Performance  of  M-PSK  for  fixed  data  rate  of  10  Mbps  and  (a)  no 

multipath,  (b)  H2  =  -  0.4,  xA  =  5  rj  sec,  (c)  H2  -  -  0.8,1^  =  5  rj  sec .  4-18 

4.11  Performance  of  M-PSK  for  fixed  data  rate  of  50  Mbps  and  (a)  no 

multipath,  (b)  H2  =  -  0.4,  xA  =  5  rj  sec,  (c)  H2  =  -  0.8,  xA  =  5  J/sec .  4-19 

4.12  Performance  of  M-PSK  for  fixed  data  rate  of  100  Mbps  and  (a)  no 

multipath,  (b )H2=  -  0.4,  =  5  tj  sec,  (c)  H2  =  -  0.8,  xA  =  5  rj  sec .  4-20 

4.13  Performance  of  M-PSK  for  fixed  data  rate  of  200  Mbps  and  (a)  no 

multipath,  (b )H2-  -  0.4,  xA  -  5  ij  sec,  (c)  H 2  =  -  0.8,  Tj  =  5  tj  sec .  4-21 

4.14  Performance  of  M-PSK  for  increasing  interference  power  and  -20-dB 
noise  power  (a)  CW  Interference,  (b)  B  =  1-Hz  interference, 

(c)  B  =  10-MHz  interference .  4-22 

4.15  Performance  of  M-PSK  for  increasing  carrier  offset  frequency 

(a)  CW  interference,  (b)  1-Hz  bandwidth  interference,  (c)  10-MHz 

bandwidth  interference .  4-23 

TABLE 

4.1.  Data  rate,  symbol  rate,  and  t a/T  for  M  =  2, 4,  8, 16  and  x  =  5  rj  sec .  4-13 


v 


CONTENTS  (continued) 


FIGURES-APPENDICES 

A.1  Continuous-time,  complex  baseband  model  of  the  communication  channel . A-2 

A. 2  Spectrum  of  finite  bandwidth  interference  at  baseband . A-4 

B. l  Desired  and  interfering  baseband  signals  in  [0,  T\,  y  T  <  xA  <  (y  +  1)T, 

ak—y  ~  ^*ak-(y  +  \)  —  ^ . B— 2 

B.2  Generation  of  the  average  probability  of  bit  error  for  a  transmitted  BPSK 
signal  through  the  two-path  channel  model  with  xA>  T  and  additive 
CW  interference  and  AWGN . B-5 

B. 3  Generation  of  the  average  probability  of  bit  error  for  a  transmitted  BPSK 

signal  through  the  two-path  channel  model  with  xA  >  T  and  additive 

finite  bandwidth  interference  and  AWGN . B-5 

C. l  Generation  of  the  average  probability  of  symbol  error  for  a  transmitted 

M-PSK  signal  through  the  two-path  channel  model  with  r A  >  T  and  AWGN . C-4 

C.2  Generation  of  the  average  probability  of  symbol  error  for  a  transmitted 
M-PSK  signal  through  the  two-path  channel  model  with  xA  >  T,  additive 
C  interference  and  AWGN . C-5 

C.3  Generation  of  the  average  probability  of  symbol  error  for  a  transmitted 
M-PSK  signal  through  the  two-path  channel  model  with  xA  >  T,  additive 
finite  bandwidth  interference  and  AWGN . C-5 


vi 


1.  INTRODUCTION 


This  report  derives  expressions  for  the  average  probability  of  symbol  error  of  a  coherent  M-ary 
phase-shift-keyed  (M-PSK)  communication  system  operating  under  the  following  nonideal  condi¬ 
tions: 

1 .  time-invariant  multipath  channel  consisting  of  a  direct  path  and  a  single  multipath, 

2.  intentional/unintentional  interference  consisting  of  either  a  CW  or  a  bandpass  Altered 
white  Gaussian  noise  signal  (bandwidth  is  variable),  and 

3.  additive  white  Gaussian  noise. 

In  particular,  the  effect  each  of  these  nonidealities,  individually  and  in  combination,  has  on  the 
performance  of  M-PSK  communication  systems  is  analyzed.  Let  the  reader  be  forewarned,  the  tech¬ 
niques  required  to  derive  these  results  can  get  long  and  tedious.  Every  effort  has  been  made  to  pres¬ 
ent  the  results  in  a  concise  and  readable  form.  While  all  steps  are  either  shown  explicitly  or  described 
in  the  text,  the  unfamiliar  reader  might  first  start  with  [1].  This  report  is  meant  to  be  a  follow-on  to 
“Effects  of  CW-  and  BPSK-Signal  Interference  on  a  Standard  BPSK  Digital  Communications  Sys¬ 
tem”  by  Roy  A.  Axford. 

The  text  is  organized  as  follows.  Chapter  2  introduces  the  signal  model  and  the  finite  impulse 
response  (FIR)  filter  channel  model.  The  FIR  filter  channel  model  is  an  intuitively  good  choice  for  a 
multipath  environment  due  to  its  similarity  to  the  physical  propagation  modes  in  the  channel.  How¬ 
ever,  the  FIR  filter  channel  model  is  not  a  physical  propagation  model  (sometimes  called  an  atmo¬ 
spheric  model),  but  instead  is  meant  only  to  describe  the  (possibly  time-varying)  frequency  response 
of  the  channel  over  the  bandwidth  of  interest  [2].  The  interrelation  between  the  two  types  of  models 
is  not  addressed  here. 

Chapter  3  derives  expressions  for  the  average  probability  of  bit  error  for  a  coherent  binary  phase- 
shift-keyed  (BPSK)  signal  and  a  delay  spread  less  than  the  bit/symbol  duration,  0  <  r A  <  T  . 
Appendix  B  extends  these  results  for  xA  >  T.  Chapter  4  and  appendix  C  derive  expressions  for  the 
average  probability  of  symbol  error  for  a  coherent  M-PSK  signal  with  0  s  r j  <  F  and  xA>  T 
respectively.  The  problem  of  accurately  computing  the  error  probability  of  a  digital  communication 
system  with  intersymbol  interference  (ISI)  has  been  addressed  frequently  over  the  past  25  years  (see 
for  example  [3]  for  an  excellent  overview).  Since  the  number  of  terms  for  /  symbols  of  corruption  in 
a  M-ary  system  is  0(M/),  in  general  either  error  bounds  (see  for  example  [4])  or  approximations  (see 
for  example  [5])  must  be  made  for  tractable  solutions. 

The  method  used  in  this  report  is  to  treat  the  time-invariant  two-path  channel,  thus  7=1,  with 
additive  interference  and  additive  white  Gaussian  noise  (AWGN).  While  real  channels  will  be  time- 
variant,  this  model  provides  tractable  solutions  as  well  as  being  valid  over  short  time  intervals  in  a 
slowly  fading  channel.  Future  work  will  concentrate  on  removing  the  time-invariant  channel 
restriction.  Exact  solutions  are  derived  in  chapter  3  for  coherent  BPSK  while  both  exact  and  upper 
bound  solutions  (shown  to  be  tighter  than  the  Chemoff  bound)  are  presented  in  chapter  4  for  coherent 
M-PSK.  Finally,  chapter  5  contains  a  summary  of  the  important  results. 

It  is  expected  that  the  information  contained  in  this  report  can  be  applied  to  any  time-invariant 
two-path  M-PSK  communication  channel  with  or  without  interference,  for  example  HF,  VHF,  UHF, 
or  SHF  LOS  communication  systems.  One  particular  example,  UHF  LOS  radio,  is  used  extensively 
throughout  the  text  to  support  the  UHF  high  data  rate  LOS  communication  project  currently  in 
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progress  at  NRaD.  A  delay  spread  of  x A  =  5  rj  sec  is  found  in  chapter  2  to  be  a  reasonable  value  for 
LOS  communication  between  two  ships  and,  thus,  this  value  is  used  in  many  of  the  examples.  To 
fully  exercise  the  xA/T dependence  of  the  derived  expressions  in  the  UHF  LOS  examples,  the  value 
of  the  symbol  rate,  R  =  1/T,  is  increased  while  the  delay  spread,  xA  =  5  r\  sec  ,  is  kept  constant. 
However,  for  a  delay  spread  of  xA  =  5  r\  sec,  the  data  rate  must  get  very  large  to  illustrate  the  xJT 
dependence,  for  example  when  x A  =  T,  R  =  200  Msps.  These  extremely  large  symbol  rates  are 
only  possible  with  the  assumptions  made  in  this  report,  most  notably,  perfectly  coherent  demodula¬ 
tion  and  a  time-invariant  channel.  In  practice,  these  conditions  cannot  be  met  exactly  and  will  no 
doubt  limit  the  achievable  symbol  rates. 
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2.  SIGNAL  AND  CHANNEL  MODEL 


This  chapter  discusses  the  typical  characteristics  of  multipath  communication  channels  and 
introduces  some  techniques  used  to  accurately  model  these  characteristics  for  the  performance  anal¬ 
ysis  presented  in  chapters  3  and  4. 

2.1  SIGNAL  MODEL 

The  received  signal  in  a  communication  system  is  accurately  expressed  as  being  convolved 
through  the  impulse  responses  of  the  transmitter,  the  channel,  and  the  antenna  receiver.  In  this  text, 
the  effects  of  the  transmitter,  channel,  and  receiver  are  lumped  into  a  single  aggregate  “channel” 
impulse  response,  77(f).  Thus,  the  real  bandpass  received  signal,  R(t),  can  be  written  as 

R(t)  ~  H(t)  *  5(f)  +  7(f)  +  N(t),  (2.1) 

where  5(f),  7(f),  and  N(t)  are  the  bandpass  transmitted  signal,  interference  signal,  and  additive  noise 
respectively.  In  a  multipath  environment,  the  channel-induced  distortion  creates  ISI,  which  can  be 
thought  of  as  correlated  interference. 

The  transmitted  communication  signal  can  be  written  as 

S(r)  =  a(t)  cos(2jifct  +  0(f)),  (2.2) 

where  the  real  envelope  of  S(f),  a(t),  and  the  phase  of  S(f),  0(f)  bear  the  transmitted  information  and 
fc  is  the  carrier  frequency.  Eq.  (2.2)  can  be  rewritten  using  a  trigonometric  identity  as 

5(f)  =  a(t)  cos(0(t))  cosQxfj)  -  a(t)  sm(0(f))  sin(2jifct) 

=  x(f)  cos(2jifci)  -  y(t)  sin(2jifct),  (2.3) 

where  x{t)  -  a(f)cos(0(f))  is  called  the  in-phase  component  and  y(f)  =  a(f)sin(0(f))  is  called  the 
quadrature  component.  Both  x(t)  and  y(f)  are  real  baseband  signals,  that  is,  each  has  a  spectrum  that 
is  symmetric  about  f  -  0,  and  s(t)  =  x(t)  +  j  y(t),  sometimes  called  the  complex  envelope,  is  a 
complex  baseband  signal.  Using  eq.  (2.3),  the  transmitted  signal  can  be  generated  by  the  block 
diagram  in  figure  2. 1 .  The  spectrum-shaping  filter  is  typically  a  Nyquist  pulse-shaping  filter  that  has 
the  property  that  at  the  ideal  sampling  instants,  there  are  no  contributions  from  data  pulses  other  than 
the  one  being  detected  [3], 

For  digital  communication,  the  complex  baseband  transmitted  signal  is  described  by, 

s(t)  =  J2S  kT)  (2.4) 

k 

where  5  is  the  average  transmitted  signal  power,  {s*}  is  a  sequence  of  symbols  transmitted  at  the 
symbol  rate  of  R  =  1/T  symbols  per  second,  and  Pj(t)  is  a  pulse  with  band-limited  baseband 
frequency  response.  The  binary  data  sequence  is  encoded  to  form  the  symbol  sequence,  {$*},  by  any 
of  numerous  digital-modulation  techniques  like  Af-PSK  and  M- ary  Quadrature  Amplitude 
Modulation  (M- QAM).  Thus,  each  symbol  represents  log2A/bits  of  information.  Each  modulation 
technique  is  defined  by  its  discrete  alphabet  (or  constellation)  of  complex  numbers. 
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in-phase  component 
x(t)  =  a(t)  cos(0(/)) 

y(t)  =  a(t)  sin (0(r)) 

quadrature  component 


cos(2nfct) 


sinQjifct) 


Figure  2.1.  Generation  of  bandpass-transmitted  signal. 


2.2  FIR  CHANNEL  MODELS  FOR  MULTIPATH  ENVIRONMENTS 

All  real  world  communication  channels  are  nonideal.  Sources  of  channel  nonidealities  are 
numerous.  They  include: 

1.  frequency  dependent  channel 

2.  antenna  spatial  patterns 

3.  multiple  propagation  paths 

4.  additive  interference  and  noise 

5.  transmitter  and  receiver  equipment-induced  distortions 

6.  receiver  synchronization  errors 

This  section  will  discuss  methods  of  modeling  common  nonidealities  induced  by  a  multipath 
communication  channel. 

A  multipath  channel  with  discrete  and  undistorted  propagation  paths  can  be  modeled  at  time  t  as 
an  FIR  filter  with  impulse  response 

N 

H{t)  =  £  H,{t)  <5 it  -  r,)  (2.5) 

1 

for  N  separate  propagation  paths  [6] .  Figure  2.2  shows  the  N  propagation  path  channel  model  with 
additive  interference  and  AWGN.  The  tap-gain  weights,  Ht{t),  are  typically  modeled  as  either: 

1.  constants 

2.  time-varying  deterministic  variables,  or 

3.  stochastic  random  variables. 

Such  a  channel  model  is  valid  for  band-limited  channels  over  short  time  intervals  only.  The  FIR 
channel  model  is  an  intuitively  good  choice  for  a  multipath  environment  due  to  its  similarity  to  the 
physical  propagation  modes  in  the  channel. 
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The  model  described  by  eq.  (2.5)  is  valid  for  narrowband  signals  only  because  each  propagation 
path  is  subjected  to  an  (possibly  time-varying)  ideal  filter  response  (filter  response  of  a  single  tap- 
gain  weight),  which  is  incapable  of  introducing  any  frequency-dependent  amplitude  or  phase  distor¬ 
tions  on  the  individual  propagation  path.  The  accumulation  of  individual  propagation  paths 
introduces  frequency-dependent  channel  distortions.  Each  propagation  path  of  a  broadband  signal 
can  undergo  additional  amplitude  and  phase  distortions  requiring  modification  of  the  model  pre¬ 
viously  introduced  (see  [6]  for  more  details). 

The  model  described  by  eq.  (2.5)  is  valid  for  short  time  intervals  because  each  propagation  delay, 
t,  ,  is  assumed  to  be  a  constant.  This  is  only  approximately  true  during  short  time  intervals  and,  in 
general,  the  propagation  delays  are  also  time-varying. 


channel  output 


Figure  22.  Multipath  band-limited  channel  model  with  additive 
interference  and  noise. 


23  TWO-PATH  CHANNEL  MODEL 


This  report  will  consider  a  channel  consisting  of  two  dominant  propagation  paths  in  a  stationary, 
deterministic  channel  environment  shown  in  figure  2.3.  Such  a  channel  is  frequently  observed  in 
LOS  radio  and  is  called  the  “two-path”  channel  model  ([2],  [6]  and  [7]).  This  simplified  model  will 
allow  for  the  derivation  of  closed  form  solutions  of  performance  measures  in  chapters  3  and  4.  In 
addition,  it  will  provide  insight  into  the  mechanisms  creating  performance  degradation  due  to  multi- 
path.  Future  work  will  concentrate  on  the  N-path  channel  model  with  stochastic  tap-gain  weights. 
The  channel  impulse  response  given  by  eq.  (2.5)  for  AT =  2  can  be  rewritten  with  respect  to  the  shortest 
path  (called  the  direct  path)  as 


H(t)  =  H^it)  +  H2  <5 (t  -  {x™lti  -  rfrect)) 
=  HJit)  +  H2  6{t-xA\ 


(2.6) 


where  xA  =  x2ultl  -  rfrect  is  called  the  delay  spread.  By  taking  the  Fourier  transform  of  eq.  (2.6), 
we  find  the  channel  frequency  response  equal  to 


00 

=  |  H(t)  e-Wdt  =  H1+H2  e~i2nfT*. 
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Recall  that  die  power  spectral  density  of  the  channel  output  is  related  to  the  power  spectral  density  of 
the  channel  input  by, 

PSDfrsV)  =  \H(f)\2  PSDtf)  (2.8) 

where  for  real  tap-gain  weights, 

\H(f) I2  =  H\  +  H\  +  2  HxH2  cos(2  n  fxA).  (2.9) 

The  spectral  nulls  in  eq.  (2.9)  are  characteristic  of  a  multipath  channel.  The  depth  of  the  spectral  null 
in  the  channel’s  frequency  response  increases  as  the  value  of  H2  approaches  the  value  of  Hx.  The 
distance  between  spectral  nulls  decreases  as  the  delay  spread,  ^.increases.  For  signals  having  large 
bandwidths  (where  “large”  signal  bandwidth  will  be  qualified  in  example  2.3  as  BW  **2 R  &  1/tj), 
the  spectral  nulls  in  the  channel  frequency  response  can  result  in  distortion  of  the  transmitted 
symbols  in  the  time  domain. 


The  phase,  4  H(f),  and  group  delay,  g(f)  s  - 
in  eq.  (2.9)  are  given  by  (derived  in  appendix  D) 


1  d^H(f) 
2 n  df  ’ 


of  the  channel  frequency  response 


&H(f)  -  tan* 


-  H2  sin(2  jz  f  xA) 
Ht  +  H2  cos(2  7t  f  xA) 


g(f)  =  H2  za 


H2  +  H i  cos(2  7i  f  xA)  /«  ja\ 

H\  +  H*  +  2  HiH2  cos(2  ti  f  r„)J  V  ' 


The  nonlinear  phase  (and  nonconstant  group  delay)  introduces  delay  distortion  in  the  received  signal 
that  can  create  detection  difficulties  fa-  angle-modulated  data. 


*<0 


Figure  2.3.  Continuous-time,  bandpass  model  of  communication  channel. 


The  following  examples  will  help  to  add  physical  insight  into  the  characteristics  of  the  two-path 
channel  model  described  above: 

Example  2.1  Ideal  Channel 

Ifs  easy  to  show  that  an  ideal  channel  is  modeled  by  eq.  (25)  with  N=1  and  Ht(t)  equal  to  a  constant 
(or  by  eq.  (2.6)  with  H2  =  0).  An  ideal  channel  is  distortionless  in  that  the  frequency  response  of  the 
channel  has  constant  magnitude  and  linear  phase  (constant  group  delay)  over  the  frequency 
bandwidth  of  the  transmitted  signal.  Its  impulse  response  and  frequency  response  are  given  by 

H(i )  =  Hi  6(t  -  r.)  H(f)  =  Hi  (2.11) 

where  H(f)  -  \H(f)\  Thus,  we  find  that  the  distortionless  channel  has  \H(f)  -  Hx, 

£,H(f)  =  -  2  ti  fxx ,  and  gtf)  =  r  ,/or  all  frequencies  of  interest. 
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Example  2.2  Two-Path  Over-the-Water  LOS  Channel 

Consider  the  over-the-water  LOS  communication  channel  where  the  transmit  and  the  receive 
antenna  are  at  equal  heights  above  the  water.  Figure  2.4a  shows  a  ray  diagram  of  the  two  most 
probable  propagation  paths.  This  channel  clearly  fits  the  two-path  channel  model  given  by  eq.(2.6). 
Using  the  Pythagorean  theorem  and  a  flat  earth  approximation,  it  can  be  shown  that  the  differential 
path  length  is 

dA  =  =  2  Jrj  +  h f  -  r  (2.12) 

where  r  is  the  range  between  the  antennas  and  equal  to  the  length  of  the  direct  path.  The  delay  spread 
is  simply  ta  =  dA/c,  where  c  ®  3x10s  m/ sis  the  speed  of  the  communication  signal.  Figure  2.4b  plots 
the  differential  path  length  in  meters  and  the  delay  spread  in  nanoseconds  for  h  =  45  meters  ( » 150 
feet).  Note  that  the  delay  spread  decreases  with  range.  Figures  2J  and  2.6  demonstrate  the 
characteristics  of  the  two-path  channel  model  for  If  =  1.0.  H2  =  -  0.8,  and  xA  -  5  tj  sec.  Fromeq. 
(2.9),  if s  apparent  that  the  null  separation  in  the  channel  frequency  response 

null  separation  -  j-  (Hz)  (2.13) 

is  a  function  of  range  in  this  example. 


1  meter  =  3.28  feet 
1  nautical  mile  =  1852  meters 
(a) 


range  (nautical  miles) 

(b) 

Figure  2.4.  Differential  path  length  and  delay 
spread  for  a  two-path  channel. 
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Figure  2.5  Channel  impulse  response  and  channel  frequency  response  for  a 
two-path  channel  with  =  5  nsec. 
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frequency  (MHz) 
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Figure  2.6.  Channel  group  delay  and  phase  response  for  the  two-path  channel 
in  figure  2.5. 

2.4.  SIGNAL  STATISTICS 

Recall  that  the  autocorrelation  of  a  sum  of  signals  can  be  written  as  the  sum  of  the  autocorrelation 
of  each  signal  when  each  signal  is  mutually  uncorrelated.  With  this  assumption,  we  can  write  the 
autocorrelation  of  eq.  (2.1)  as 

s  ^[^(0  R  (1  ~  O]  =  +  ^//T)  +  (214) 

To  proceed  in  evaluating  these  equations  requires  that  some  assumptions  be  made  about  the  received 
signal  components. 
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The  channel  impulse  response  to  be  considered  in  this  paper  is  the  two-path  channel  model  with 
time-invariant,  discrete  paths,  normalized  to  the  delay  of  the  direct  path  as  described  in  section  2.3. 
With  this  channel  model,  it  can  be  shown  that 

<Phw&)  =  H\Hi  <t>sj?  +  xa)  +  {H\  +  Hi)  <t>sJx)  +  H1H2  <PsJt  -  xA)  (2.15) 


where  for  Pj(t)  =  1  in  the  interval  [0,T]  and  0  elsewhere, 

=  4>xjr)  cos(2*/cr) 


and 


-  T  <  t  <  T 
otherwise 


(2.16) 

(2.17) 


</>xAT)  *s  the  autocorrelation  of  the  in-phase  Signal  component,  T  is  the  symbol  duration,  s  the 
transmitted  signal  power.  Eqs.  (2.16)  and  (2.17)  have  explicitly  assumed  that  the  power  ^  ara  of 
S(t )  is  symmetric  about  f=fc  (as  is  typical  for  double  sideband  communication  systems)  and  thus,  it 
can  be  shown  that  0*^7)  =  0  =  0y;t(r)  (see  section  3.1  of  [3]). 


Two  types  of  interference  will  be  analyzed  in  this  paper.  The  first  is  a  CW  interference  given  by, 
/(O  =  cos(2 3t(fc  +  fA)t  +  0),  where  /,  fA,  0  are  the  power,  carrier  offset  frequency,  and 

phase  of  the  interference  respectively.  The  autocorrelation  of  the  CW  interference  is  found  to  be, 


<f>ijr)  =  /  cos(2jt(/c  +  fAyt). 


(2.18) 


The  second  type  of  interference  is  bandpass  white  Gaussian  noise  with  power  spectral  density  shown 
in  figure  2.7  and  defined  by 


HDXO-1^ 

|0  otherwise 

Its  autocorrelation  can  be  computed  by  taking  the  inverse  Fourier  transform  of  eq.  (2.19) 

<Mr)  -  N„B  cos(2t(/c  +  (2.20) 


(2.19) 


This  interference  model  encompasses  both  narrowband  and  broadband  interference  with  a  single 
parameter,  the  bandwidth  B.  For  very  small,  but  finite  B,  eq.  (2.20)  reduces  to  eq.  (2.18)  where 
/  =  NgB  is  equal  to  the  total  baseband  interferer  power. 

Finally,  the  additive  noise  is  assumed  to  come  from  a  white  Gaussian  process  with  power  spectral 
density  PSDftf)  =  NJ2  for  all  frequency  resulting  in  its  autocorrelation  function  being  equal  to 

Wr)  “  <  ««  -  Jty2  ««• 


B 


NB/2, - 

◄ - - 1 - 

-<fc+fA) 


PSDj(f) 


Hb/2 


Figure  2.7.  Spectrum  of  finite  bandwidth  interference  at  bandpass. 
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Example  2.3  Classification  of  Multipath  Channels 

Insight  into  the  classification  of  multipath  channels  can  be  found  from  the  autocorrelation  of  the 
output  of  the  two-path  channel  model.  Using  eqs.  (2.16)  and  (2.17)  in  eq.  (2.15),  we  find 

4>H-sjrs(j)  -  (Witfz)  4>Ur  +  *A)  cos(2*/«(t  +  r^))  +  (//?  +  //|)  tJx)  cos 
+  (WiWj)  4>J?  -  xA)  cosQstfft  -  xA)) 

-  [(//,//*)  5(l  -  ^±1^)  cos(2jtfaA)  +  (H\  +  H\)  s(l  - 

+  (W.//J  5(l  -  cos(2 'jtfrA)]  cos(2w/cr)  (2-2l> 

-  [(W,W^  s(l  -  sin(2n/cTj) 

-  (W.//J  s(l  -  sin(2w/^)]  sin(2»/cr) 

where  the  same  notation  as  in  eq.  (2.17)  is  implied.  Figure  2.8  plots  the  components  of  4>H-sjr&) 
given  in  eq.  (2.21)  for  *=  1.0,  H2  **  -  0.8  and  for  the  special  case  when  fcxA  €  {1,2,...}.  Note  that 

the  case  when  the  delay  spread  is  greater  than  the  inverse  of  the  signal  bandwidth,  ta  ;»  2J?  “  f  ’ or 
equivalently  the  null  separation  in  the  channel  frequency  response  is  less  than  the  signal  bandwidth, 
ss  2R  «  j. ,  is  typically  called  “resolvable  multipath ”  or  “frequency  selective  multipath"  [3]. 

This  condition  implies  that  the  multipath  channel  may  affect  disjoint  parts  of  the  signal  spectrum  in 
different  ways.  Thus,  all figures  in  figure  2.8  are  cases  of  “frequency  selective  multipath  ”  with  figure 
2.8  (c)  equal  to  the  limiting  case.  For  the  case  when  rA  <  ^ ,  the  channel  is  called  “frequency 

nonselective  multipath  ”  or  “flat  multipath.  ”  This  condition  implies  that  the  multipath  channel  will 
affect  all  parts  of  the  signal  spectrum  in  a  similar  way. 


Figure  2.8.  Components  of  eq.  (2.21)  for  /, xA  e  {1,2,...}  and  (a)  xA  =  2.5  7, 
(b)  =  T,  (c)  xA  =  0.5  7. 
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3.  PERFORMANCE  ANALYSIS  OF  BPSK  SIGNAL 


This  chapter  presents  an  analysis  of  the  average  probability  of  bit  error  for  a  BPSK  signal  trans¬ 
mitted  through  the  channel  shown  in  figure  2.3  and  received  by  the  coherent  matched  Biter  shown  in 
figure  3.1.  The  receiver  model  consists  of  a  correlator  implementation  of  a  coherent  matched-filter 
receiver  for  BPSK.  While  the  analysis  technique  is  well  known,  the  particular  example  used  in  this 
text  is  thought  to  be  unique  (see  [8],  [1]  for  closely  related  examples). 


2cos(2 Jifct) 


[X 

kT 

f  , 

\s(k)  >  0  —  +  l| 

t 

• 

j  (  )dt 

(k-l)T 

1 

• 

s(k)  <  0  — ♦  —  if 
»  1 

Coherent  BPSK  Demodulator  Hard  Decision 

Figure  3.1.  Correlator  implementation  of  matched-filter  receiver 
for  BPSK  signals. 

Using  the  two-path  multipath  channel  model  described  in  section  2.3,  H(t)  =  Hj 
6(r)  +  H2  6(t-xA),  the  received  signal  can  be  expressed  as 

R(t)  =  HxS(t)  +  +  7(0  +  N(t),  (3.!) 


where 

S(<)  -  J2S  2“*  Pjit  -  kT)  cos&tU)  (3.2) 

k 

is  the  BPSK  transmitted  bandpass  signal,  ak  E  { +  1,  -  1}  is  the  kth  bit,  S  is  the  transmitted  signal 
power,  and  Pj(t)  the  symbol  pulse  waveform.  At  most,  one-bit  transition  of  the  multipath  signal  can 
take  place  in  the  interval  [0, 7]  of  the  direct  path  signal.  The  following  analysis  will  consider  only  the 
case  of  0  £  r^  T as  shown  in  figure  3.2.  The  case  of  rA  >  T is  a  straight  forward  extension  and 
detailed  in  appendix  B.  Using  this  assumption  on  the  delay  spread,  the  received  signal  during  the 
interval  [0,T]  can  be  written  as 

R(t)  =  Hlj2S  ak  Pj(t)  cos(2 nfa)  +  H2j2S  ak  Pj(t  -  xA)  cos -  r^)) 

+  H2j2S  a*.,  Pjit+T-  rA)  cos(2*/c(r  +  T-  rA))  +  I(t)  +  N(t) 

=  [//jy/25  ak  Pjit)  +  H2j7S  ak  Pj(t  -  xA)  cos (2ji/cxa)  ^ 

+  H2j2S  ak_x  Pjit  +T-xa)  cos(2 nf({xA  -  7))]  cos(2jif,4)  +  I(t)  +  N(t) 

using  trigonometric  identities  and  neglecting  sin(2 Jtfj)  terms  since  they  will  be  eliminated  by  the 
coherent  BPSK  demodulator  in  figure  3.1. 
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direct  path 

Hx  j2Sak 

1 

7 

multipath 

i 

1 

1 

tr 

Hif2Sak_ 

i 

l 

Figure  3.2.  Desired  and  interfering  baseband  signals  in  [0,  T),  0  £  £  7, 

a*  =  +  1,  a*  _i  =  -1  (from  [1]). 


3.1  MATCHED-FILTER  DETECTION  OF  BPSK  WITH  CW  INTERFERENCE 

This  section  derives  the  probability  of  symbol  error  for  the  received  signal  given  by  eq.  (3.1)  with 
CW  interference,  I(t)  =  JlJ  cos (2n(fc  +  fA)t  +  $).  Without  loss  of  generality,  consider  the 
interval  [0,T].  The  decision  variable,  s(k),  in  figure  3.1  can  be  written  as 

T 

s(*)  =  j R(t )  2cos(2ft/cf)  dt  =  ak  D(k )  +  ak  F}(k)  +  ak_x  F2(k)  +  I(k)  +  N(k)  (3.4) 

0 

where  the  terms  in  eq.  (3.4)  will  be  defined  in  section  3.2.  The  conditional  probability  of  bit  error, 
given  the  parameters  of  the  channel  model  and  interference  parameters,  is  given  by, 

pahvh2,*a,iJa.'P)  -  \P£+ 1| hvhvta,Ua’<P)  +  1| (3.5) 

for  equal  probabilities  of  transmitting  +1  and  -1  bit  For  the  case  when  0  <;  xA  SI  T 
PA+  -  Ipr(^)  <  0  I  a*.,  =  -  l,ak  =  +  l) 

+  Ipr(^t)  <  0  |  =  +  M,  -  +  1). 

PA-  1| =  lPr(i(t)  >  0  |  =  -  l,a*  =  -  l) 

+  |Pr(j(t)  >  0  |  at_]  —  +  l,o,  =  -l). 

For  the  case  when  xA  >  7,  eqs.  (3.6)  and  (3.7)  each  contain  4  components  since  the  two  data  bits  in 
the  multipath  are  not  correlated  with  the  data  bit  in  the  direct  path,  ak ,  during  the  interval  [0,7].  This 
is  presented  in  appendix  B. 

The  only  random  term  in  eq.  (3.4)  that  is  not  being  conditioned  on  is  the  Gaussian  random 
variable,  N(k).  Thus,  the  decision  variable,  s(k),  will  be  a  conditionally  Gaussian  random  vari¬ 
able  with  variance  ojy,  which  will  be  calculated  below.  Recall  that  the  cumulative  distribution 
function  of  a  random  variable  X  is  defined  in  terms  of  its  probability  density  function, 


(3.6) 

(3.7) 
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X 

cdf(x)  =  Pr(3f  £  *)  s  j  pdfx(i)  dt.  For  a  zero  mean,  unity  variance,  Gaussian  random  vari¬ 
able  X 

X 

«  _L_ 

72 n 

-00 


PK*  ^  *) 


e-*2!2  dt  =  4>(x). 


(3.8) 


Thus,  rewriting  eqs.  (3.6)  and  (3.7)  so  that  the  Gaussian  random  variable  has  zero  mean  and  unity 
variance,  we  find  that  eq.  (3.5)  can  be  written  in  terms  of  eq.  (3.8)  as 

!  +  D(k)  +  F,  (k)  +  F2(k)  +  l(k)  j 

f|W  -  F2(k)  +  /(t)j 


+ 

+ 


+  F2(k)  +  I(k)\ 
°n  ) 


(3.9) 


32  TERMS  IN  EQ.  (3.4) 

ak  D(k)  is  the  desired  signal  term  from  the  direct  transmission  path.  It  can  be  found  from  inter¬ 
preting  figure  3.1  as 

T 

ak  D(k)  =  |  //j  J2S  ak  cos(2nfct)  2cos(2?r/cf)  dt 
0 

for  Pj(t)  equal  to  a  rectangular  pulse  during  the  interval  [0,7].  Solving  for  D(k)  we  find 

D(lc)  —  H1j2ST  (3.10) 

since  the  high-frequency  terms  are  removed  by  the  integration. 

ak  Fj(ik)  and  ak_x  F2{k )  are  coherent  interference  terms  (ISI)  created  by  the  multipath.  They 
are  found  to  be 

T 

ak  F}(k)  =  | H2j2S  ak  cos(2 JtfcxA)  cos(2 nfct)  2cos(2 nfct)  dt 

XA 

XA 

a*_!  F2(k)  =  [  H2j7S  ak_x cos(2nfJJ-rA))  cos(2jtU)  2cos(2 nfct)  dt. 
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which  can  be  reduced  to 


f  ,(*)  -  H2j2S(T  -  Tj)  cos(2ji fczA) 
F2(i)  =  H2/2S  (zj  cos(2^UT-zJ). 


(3.11) 

(3.12) 


For  the  CW  interference,  I(k)  is  given  by 


T 

I(k)  =  I  Jlicos(2ji(fc  +  fA)t  +  0)  2cosi2jtfct)  dt 

=  J21  sin(^)] 


(3.13) 


#(Jfc)  is  the  Gaussian  noise  term  defmed  as 


N(k)  =  N(t)  2cos(2rt  fa)  dt. 


Since  this  term  is  a  Gaussian  random  variable,  it  will  be  necessary  to  compute  the  first  and  second 
moments  of  N(k).  The  mean  is  zero  since  £[#(/)]  =  0.  The  variance  is  given  by 

T  T 

oj  -  [  jEpV^Wlj)]  2cos(2lt/eI1)  2008(2^2)  *,*2 
0  0 
T  T 

=  |  Jor^f  -  *2)  4cos(2 nfax)  cos (2jifa£  <frjdr2 


r 

=  | 
=  AfoT 


cos2(2jr/cT)  dr 


(3.14) 


since  =  N0/2. 

Thus,  the  conditional  probability  of  bit  error  for  a  BPSK  signal  transmitted  through  a  two-path 
channel  with  additive  CW  interference  and  white  Gaussian  noise  is  given  by  using  eqs.  (3.10)  - 
(3.14)  in  eq.  (3.9).  For  the  simplified  case,  of  only  a  single  channel,  H2  =  0,  this  expression  reduces 
to  eq.  (11)  of  [1]. 

33  MATCHED-FILTER  DETECTION  OF  BPSK  WITH  FINITE  BANDWIDTH 
INTERFERENCE 


The  previous  results  are  now  extended  to  include  a  finite  bandwidth  interference.  In  particular, 
the  interference  is  generated  by  passing  white  Gaussian  noise  through  an  ideal  bandpass  filter  result¬ 
ing  in  the  spectrum  displayed  in  figure  2.7.  In  this  case,  both  the  interference  and  the  noise  are 
assumed  to  be  uncorrelated,  Gaussian  random  variables.  Thus,  eq.  (3.9)  can  be  modified  to  find  the 
conditional  probability  of  bit  error,  given  the  parameters  of  the  channel  model  and  interference 
parameters  as 


°j+N  =  °f  +  °N  (316) 

All  that  remains  to  be  computed  is  of  since  ofj  =  N0T  was  computed  in  eq.  (3.14). 

Let  the  received  bandpass  interference  be  written  in  terms  of  its  in-phase  baseband  signal,  x(t), 
and  its  quadrature  baseband  signal,  y(r), 


/(r)  =  x(t)  cos(2jt(fc  +  fA)t)  -  y(t)  sin(2jr(/c  +  fA)t) 

=  [x(t)  cos(2 nfAt)  -  y(t)  s\n(2jzfAt)]  cos(2 nfa) 

-{x(r)  sin(2xfAt)  +  y(t)  cos(2 nfAt)]  sin(2 nfa).  (317) 


Then,  the  interference  component  of  the  decision  variable  can  be  written  as, 

T 

/(*)  =  J[*(0  cos(2jtfAt)  —  y(t)  sm(2xfAt)]  cos (2jtfct)  2 cos(2n fci)  dt 

0 

r 

-  | [x(t)  si n(2nfAt)  +  y(t)  cos(2t tfAt)]  sin(2jr fy)  2cos(27t/c/)  dt 

0 

T 

=  J[x(r)  cos (2jcfAt)  -  y(r)  sin(2jtfAt)]  dt  (3.18) 

0 

since  high-frequency  terms  are  removed  by  the  integration.  The  mean  of  eq.  (3.18)  will  be  zero  since 
E [x(/)]  =  E\y{t)]  =  0.  Before  proceeding  to  compute  of,  we  first  make  several  observations  from 
chapter  2  that  will  simplify  the  analysis  (note  that  a  similar  analysis  was  completed  in  [9]  for 
fA  =  0).  First,  note  that  =  0  =  for  all  x  since  the  bandpass  Gaussian  noise  is 

symmetric  about  /  =  fc  +  fA.  Second,  <PxAT)  =  <t>yy(T)  since  bandpass  Gaussian  noise  is 
assumed  to  be  stationary.  Thus,  the  two  nonzero  terms  of  of  reduce  to, 

T  T 

of  =  j  j  4*('i)  *M  [cos (2jtfAtx)  cos(2jtfAt£] 

0  0 

+  y(^)]  [sin(2^rj)  sin(2^r2)J  dtxdt2 

T  T 

-  \\nbB  S-^n  cosQxfo)  ihdh  (3.19) 

0  0 
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using  eq.  (2.20)  and  x  =  /j  -  t2  .  Applying  trigonometric  identities  we  find 


WJ 

0  0 


NbB  sm(n(B-2fA)x) 


jtBt 


dtxdt2  +  | 

0  0 


sin(;r(B  +  2fA)x) 


n  Br 


dt  i  dr. 


(3.20) 


Since  both  terms  of  eq.  (3.20)  will  have  similar  solutions,  only  the  details  of  the  first  term  will  be 
presented.  By  making  the  substitution  x  =  Jt(JB  -  2fA)x  and  consolidating  terms,  the  first  term  of 
eq.  (3.20)  can  be  rewritten  as 

T  nv-vA)cr-i2) 


first  term 


■si  I 


sinCt) 


dx  dt  o 


0  *W-VAX-t2) 
T 


=  ^  |  [Si{7t(B  -  2fA)t2)  +  Si(jt(B  -  2 fA)(T  -  r2))]  dt2  (3.21) 

0 

y 

where  eq.  (3.21)  has  used  the  Si(y)  relationship  defined  by  Si(y)  =  j  dx.  To  proceed,  note 

0 

that  by  using  integration  by  parts  with  u  =  Si(x)  and  dv  =  dx,  it  can  be  shown  that 
a  a 

J  Si(x )  dx  =  x  Si(x, )  I  a~  j  sin(x)dx.  Substituting  x  =  n(B  —  2 fA)t2  into  the  first  term  of  eq. 
a  a 

(3.21)  and  x  =  n{B  -  2 \fA)(T  -  t2 )  into  the  second  term  of  eq.  (3.21)  we  find 


_  Nb  . 

first  term  =  ^  ,D  1  ..  . 
~  2 7i  ji(B~  2fA ) 


’*t»-yArr 


j  Si(x)  dx-  |  Si(x)  dx 


n  7i(B-2fA) 


*<f-vArr 
*w-vAw 


x  Si(x)  ^a)T  -  |  sin(jf)  dx 

-  £  r  +  ^.y]- 


(3.22) 


Finally,  we  combine  a  similar  result  for  the  second  term  of  eq.  (3.20)  to  obtain  the  desired  result 


o?  -  IT  T  [»(*<«  -  %w)  +  ~] 

+  9F  t  [»(*<*  +  %>r)  +  “SrSP-1} 


(3.23) 


Thus,  the  conditional  probability  of  error  for  a  BPSK  signal  transmitted  through  a  two-path 
channel  with  additive  finite  bandwidth  interference  and  white  Gaussian  noise  is  given  by  using  eqs. 
(3.10)  -  (3.12),  (3.14)  and  (3.23)  in  eq.  (3.15).  Far  the  simplified  case,  of  only  a  single  channel, 
H2  =  0  and  no  offset  frequency,  fA  =  0,  this  expression  reduces  to 


3-6 


(3.24) 


P^H^N^B)  =  <P 


Hjj2ST 


Jnj  +  &  2T  [s(aar)  + 


3.4.  SUMMARY  AND  EXAMPLES 

Before  proceeding  with  an  equation  summary  and  some  examples,  it  is  useful  to  present  a  vector 
representation  of  the  received  baseband  signal  for  both  the  two-path  channel  and  CW  interference  to 
help  develop  some  intuition  into  the  performance  characteristics  displayed  in  the  examples.  The 
other  channel  combinations  follow  directly  from  these  cases. 

Figure  3.3  illustrates  the  vector  diagram  of  the  received  baseband  signal  when  the  BPSK  signal  is 
transmitted  through  the  time-invariant  two-path  channel.  The  two  transmitted  bits  correspond  to 

two  vectors  of  length  77,  Jl S  originating  at  the  origin  and  terminating  at  +1  and  -1  on  the  in-phase 
axis.  Since  the  multipath  travels  a  longer  distance  than  the  direct  path,  its  propagation  time  is  longer 
than  the  direct  path,  which  will  result  in  a  phase  offset  when  the  received  signal  is  demodulated  with 
respect  to  the  direct  path.  Referring  to  figure  3.2,  there  can  be  two  interfering  bits  from  the  multipath 

in  the  interval  [0,7],  which  results  in  two  vectors  of  length  H2j2S  and  with  phase  relative  to  the 
direct  path  of  0X  =  2ji/cta  and  02  =  2jtfc(TA  —  T).  For  the  case  of  xA  S  7,  the  multipath  bit  in  the 
interval  of  [0,r^]  can  be  either  a  +1  or  a  -1,  which  results  in  two  vectors  180  degrees  out  of  phase. 
However,  the  multipath  bit  in  the  interval  of  [  tA,T\  is  correlated  with  the  transmitted  direct  path  bit  in 
the  interval  [0,7],  so  its  value  is  determined  by  the  present  transmitted  bit,  ah  and  a  single  vector  is 
generated.  The  received  demodulated  bits  can  be  found  by  vector  addition  resulting  in  a  total  of  two 
possible  bits  demodulated  in  the  interval  [0,7]  for  each  transmitted  bit.  Note  that  only  one  of  the 
possible  demodulated  bits  represented  in  figure  3.3  exists  at  any  one  time.  The  duration  of  each  bit  is 
defined  in  figure  3.2.  For  the  case  of  xA  >  7,  the  multipath  bit  in  the  interval  of  [ta,T]  is  no  longer 
correlated  with  the  transmitted  bit,  so  it  too  will  generate  two  vectors  1 80  degrees  out  of  phase  result¬ 
ing  in  the  demodulation  of  four  possible  received  bits  for  each  transmitted  bit. 


Figure  33.  Possible  demodulated  bits  during  the  interval  [0,  7]  for  a  two-path 
channel  with  0  ^  r A  ^  7. 


3-7 


Figure  3.4  illustrates  the  vector  diagram  of  the  received  baseband  signal  for  the  case  of  additive 
CW  interference  and  no  multipath.  The  figure  is  similar  to  figure  3.3.  The  CW  interference  creates  a 
vector  that  spins  about  either  of  the  two  transmitted  bit  vectors  with  phase  6(t)  =  2jifAt  +  <p  during 
the  interval  [0,7].  Of  course,  the  detection  depends  on  the  integration  between  [0,7],  which 
determines  the  actual  system  performance.  The  finite  bandwidth  interferer  is  from  a  Gaussian 
random  process  and  will  not  have  a  constant  envelope  or  a  constant  phase  as  was  the  case  for  the  CW 
interferer.  Thus,  its  vector  diagram  will  form  a  cluster  of  received  symbols  centered  about  the 
symbol  mean  values  with  radius  determined  by  the  variance  of  the  interference. 


Figure  3.4.  Effect  of  CW  interference  on  the  demodulated  bits  during  the 
interval  [0,  7]. 


The  following  examples  will  exercise  the  average  probability  of  bit  error  equations  derived  in 
this  chapter  to  highlight  some  of  the  characteristics  exhibited  by  a  multipath  communication  channel 
with  additive  interference.  Specific  input  values  are  used  corresponding  to  example  2.2;  however, 
these  values  can  be  easily  modified  to  fit  any  LOS  radio  communication  system.  Figures  3.5  and  3.6 
summarize  the  equations  required  to  compute  the  average  probability  of  bit  error  for  the  CW  inter¬ 
ference  and  the  finite  bandwidth  interference  cases  respectively  for  0  £  xA  s;  T.  Appendix  B  pres¬ 
ents  results  for  rA  >  T. 
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D(k)  =  w./zsr 

F,(k)  =  Hzj2S  (T-  xA)  cos(2 JifcxA) 


transmitted  signal  power  =  S 
interference  power  -  1  . 


F2(k)  =  H>j2S  (xA)  cosfrU xA  -  D)  in'band  noisc  P°wer 
pt,  [sin (2nfAT  +  <p)  -  sin(^)] 

m  =  n i  ^ 

ow  =  y^0r 

p  =  I^_  ± g(*) +  £■(**  -  ± zwj 

.  i  J  _  ±  Ml +  +  EM  + 

4  \  °»  ) 


-  m  -  t 


'  -  Djk)  -  F,(k)  +  F2(k) 


+  m'j 


Figure  3.5.  Generation  of  the  average  probability  of  bit  error  for  a  BPSK 
signal  transmitted  through  a  two-path  channel  with  0  <  rA  S  T,  CW 
interference  and  AWGN. 


D(k)  =  //,/2Sr 

F,(k)  -  H2JlS  (T-  xa)  cos(2 xfjA) 
F2(k)  -  H2  J2S  (rA)  cos(2jrfc(xA  -  7» 


al  =  N0T 


transmitted  signal  power  =  S 
interference  power  =  NgB  . 
in-band  noise  power  =  (j)(- 


-m-T 


cos (x(B  -  2 fA)T)  - 
*(*  -  2fA)T 


W/i  „  ^  .  cos {n(B  -  2fA)T)  -  f 

7>  -  nr  T  +  — mb-  2fA)f — 

.  Nb  -  L[YTrm  .  v  m  ,  cos(w(B  +  %)T)  -  l' 

+  ^  7  [*(»<*  +  2/.)D  +  MfiTTfiff — 


W  «  yoj  +  of 


p  =  iJ  - 

•  2  \  ) 

.  id  _  1  +  F,(*)  +  F2(*)\ 

2  \  / 


Figure  3.6.  Generation  of  the  average  probability  of  bit  error  for  a  BPSK 
signal  transmitted  through  a  two-path  channel  with  0  <  r ^  tS  T,  finite 
bandwidth  interference,  and  AWGN. 

Example  3.1  BPSK  Signal ,  Multipath  and  AWGN 

Consider  first  the  simplified  case  of  a  BPSK  signal  transmitted  through  a  time-invariant  two-path 
channel  with  additive  white  Gaussian  noise.  Figures  3.7-3.10  plot  the  performance  of  this  system 
as  a  function  of  the  magnitude  of  the  multipath  tap-gain  and  the  data  rate.  Either  summary  of 
equations  can  be  applied,  figures  3.7 -3.10  with  1=0,  or  figure  3.6  with  B  -  0,  since  they  both  reduce 
to  an  identical  set  of  equations  for  the  case  of  no  interference. 
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Figure  3.7  shows  the  effect  of  the  magnitude  of  the  multipath  with  respect  to  the  direct  path  by 
varying  H2  between  -1.2  and  1.2  in  02  increments  while  keeping  W,  =  1.  Note  that  the  free -path 
propagation  loss  has  been  neglected  without  loss  of  generality.  The  delay  spread  is  xA  =  5  17  sec 
selected  from  previous  examples  and  the  data  rate,  R  =  1.544  Mbps,  resulting  in  xA  =  0.0077  T.  From 
figure  3.7c,  it  can  be  seen  that  the  effects  of  the  multipath  for  these  conditions  are  cyclic  described  by 
cos (hzfefi.  This  comes  from  the  channel  frequency  response  of  the  two-path  channel  given  by  eq. 
(2.9)  and  is  reflected  in  the  probability  of  bit  error  equations  by  the  F,(k)  term  given  by  eq.  (3.11). 
Note  that  when  cosQnfeJ  =  0  corresponding  to  fr  =  i  e  {1,3,5....}  and  fc  =  250  and  350  MHz 

*  ZA 

in  figure  3.7c,  the  multipath  has  no  affect  on  system  performance  (see  figure  3.7b),  as  might  be 
expected  for  xA  =  0.0077  T.  However,  at  all  other  carrier  frequencies,  the  multipath  has  significant 
effects  on  system  performance.  In  spectral  nulls  of  the  channel  frequency  response,  the  system 
performance  degrades,  corresponding  to  a  reduction  in  received  signal  energy  due  to  the  multipath 
and  the  direct  path  adding  destructively,  ie  Ft(k )  <  0 .  For  H2  <  0 ,  this  is  seen  from  figure  3.7c  and 
2.5  to  take  place  when  0  MHz  <fe<  50  MHz,  150  MHz  <  fc  <  250  MHz,  350  MHz  <  fc  <  450  MHz, 
etc.  In  spectral  peaks  of  the  channel  frequency  response,  the  system  performance  improves, 
corresponding  to  an  increase  in  received  signal  energy  due  to  the  multipath  and  the  direct  path 
adding  constructively,  i.e.,  Fi(k)  >  0.  ForH2  <  0,  this  is  seen  from  figures  3. 7c  and  2  5  to  take  place 
when  50  MHz  <fc<  150  MHz,  250  MHz  <  fc  <  350  MHz,  etc.  When  H2>  0  these  effects  are  exactly 
reversed. 

Note  that  as  T—xA  corresponding  to  increasing  the  data  rate  for  a  fixed  delay  spread  (or 
equivalently  xA  -*  T  corresponding  to  increasing  the  delay  spread for  a  fixed  data  rate),  the  coherent 
overlap  region  between  the  multipath  and  the  direct  path  reduces  (see  figure  32)  and  the 
constructive!  destructive  addition  becomes  less  of  a  factor  in  determining  system  performance.  This 
is  evident  in  figures  3.8  -  3.10.  From  figure  3.10  it  can  be  seen  that  the  carrier frequency  dependence 
decreases  approximately  linearly  as  T  —  xA  (for  xA  =  5  7  sec,  T  =  xA  when  R  =  200  Mbps).  For  the 
special  case  when  xA  =  T,  figure  3. 8c  shows  no  carrier  frequency  dependence.  For  xA  >  Tthe  system 
degradation  is  blind  to  the  sign  ofH2  corresponding  to  the  multipath  being  completely  uncorrelated 
with  the  direct  path  during  the  interval  [0,TJ.  It  is  interesting  to  observe  that  the  system  performance 
appears  to  be  a  strong  function  of  the  carrier  frequency  as  long  as  xA  <,  0.5  T,  the  so  called  “flat”  or 
“frequency-nonselective”  condition  describing  the  characteristics  of  the  multipath  channel  in 
example  2.3.  Thus,  these  results  suggest  that  if  one  is  operating  in  a  deep  null  and  the 
“frequency-nonselective”  channel  conditions  hold,  then  a  change  in  carrier  frequency  by  \/(2xA) 
should  dramatically  improve  performance. 
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Example  3.2  BPSK  Signal ,  Multipath ,  Interference  andAWGN 

Consider  now  the  case  of  a  BPSK  signal  transmitted  through  a  time-invariant  two-path  channel  with 
additive  interference  and  additive  white  Gaussian  noise.  The  two  interference  models  consider 
either  the  case  of  a  deterministic  CW  interferer  or  a  stochastic  finite  bandwidth  interference.  Figure 
3.11  plots  the  system  performance  with  additive  CW  interference  for  interference  power  varying 
between  -20  and  +20dB.  System  performance  is  seen  to  degrade  rapidly  for  signal-to-interference 
ratios  on  the  order  of -10  to  0  dB.  Figure  3. 11  c  also  shows  a  similar  carrier  frequency  dependence  as 
was  described  in  example  3.1.  Figures  3.12  and  3.13  illustrate  the  effect  of  interference  bandwidth 
on  system  performance.  For  finite  bandwidth  interference,  system  degradation  is  a  more  gradual 
function  of  the  signal-to-interference  ratio  than  is  the  CW  interference.  However,  figure  3.12a  shows 
that  for  signal  power  greater  than  about  3  dB,  the  finite  bandwidth  interferer  can  degrade 
performance  more  than  the  CW  interferer  of  equal  power.  As  the  interference  bandwidth  increases 
Lbove  the  data  rate  and  its  power,  NB*  B ,  remains  constant,  the  effects  of  the  interference  decreases 
as  seen  clearly  in  figure  3. 13a.  This  is  because  the  “in-band”  interference  power,  N„*  2  R,  decreases 
since  NB  decreases. 

In  figure  3.13b,  system  performance  is  plotted  as  a  function  of  interference  carrier  offset  frequency. 
Performance  is  seen  to  be  most  severely  effected  when  the  the  interference  carrier  offset  frequency  is 
zero.  Local  minimum  occur  for  narrowband  Gaussian  interference  in  the  nulls  of  the  transmitted 
BPSK  signal  spectrum,  fA  =  R,  2 R, ....  As  the  bandwidth  of  the  interference  increases,  the 
interference  loses  the  ability  to  “hide  ”  in  the  BPSK  signal  spectral  nulls.  Note  that  the  deterministic 

CW  interference  has  additional  offset  frequencies,  fA  =  j,R,^,2R,..^  where  it  doesn’t  affect 
performance.  These  values  can  be  found  by  examining  the  limiting  cases  of  eq.  (3.13) 

/(*)  =  for  £  =  0  ,  f  =  0 

/(*)  =  fH  cos (<p)  for  fA  =  0  ,  <t>  *  0  (3.25) 

/(*)  =  f2 1  for  fA  *  0  ,  <P  -  0 

and  solving  for  fA  when  l(k)  -  0 .  The  intermediate  values  of  fAfor  which  system  performance  is  not 
affected,  i.e.,  fA  =  j ,  ...,  are  an  artifact  of  the  integration  of  the  deterministic,  constant  envelope, 

and  constant  phase  CW  interference  that  does  not  exist  when  the  envelope  and  phase  are  stochastic 
(see  for  instance  figure  6  of  [1]). 
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Prob  of  Bit  Error:  BPSK+AWGN(NoR=OdB) 


Transmitted  Signal  Power,  S  (dB) 

(a) 

Prob  of  Bit  Error:  BPSK+AWGN(NoR=OdB) 


V^-all  values  of  H2 

R=1 .544  Mbps 
tau=5.0  nsec 

HI  =1.0:  H2=-1.2:0.2:1.2 
f  c  =  3$0  MHz 

\ 

Transmitted  Signal  Power,  S  (dB) 

(b) 

Prob  of  Bit  Error:  BPSK(3dB)+AWGN(NoR=0dB) 


H2=+1.2 


-  R=1. 544  Mbps  \\ 

— /  tau=5.0  nsec  \ 

HI  =1 .0:  H2=-1 .2:0.2n 
H2=+1.2  S  =  3  dB 


H2=-1.2 


H2=+1.2 


Carrier  Frequency  (MHz) 

(c) 

Figure  3.7.  Effects  of  Multipath  on  BPSK,  xA  -  0.0077  T. 


(a) 


(b) 


(c) 

Figure  3.9.  System  performance  of  a  BPSK  signal  transmitted  through  a 
multipath  channel,  xA  =  5  17  sec,  for  1,10,50,100,150,200  Mbps  data  rates. 
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channel 


Figure  3.10.  System  performance  as  a  function  of  data  rate  for  a  BPSK 
signal  transmitted  through  a  multipath  channel,  xA  =  5  tj  sec. 
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Figure  3.11.  BPSK  probability  of  bit  error  for  (a)  CW  interferer  with  no 
multipath,  (b)  and  (c)  CW  interferer  with  multipath,  xA  —  0.0077  T. 
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Carrier  Frequency  (MHz) 

(c) 


Figure  3.12.  BPSK  probability  of  bit  error  for  (a)  and  (b)  CW  or  finite 
bandwidth  interferer  with  no  multipath,  (c)  CW  or  finite  bandwidth 
interferer  with  multipath,  =  0.0077  T. 
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0  Prob  of  Bit  Error:  BPSK(0dB)+AWGN(NoB=-10dB)+lnterference(0dB) 

10  i - 1 - 1 - 1 - \ - 1 - 1 - 1 - 


IQ  I - 1 - 1 - 1 - 1 - 1 - 1 _ I _ i 

0  0.5  1  1.5  2  2.5  3  3.5  4 


Carrier  Offset  Frequency  (MHz) 

(b) 

Figure  3.13.  BPSK  probability  of  bit  error  as  a  function  of  (a)  interference 
bandwidth  and  (b)  interference  offset  frequency  for  the  case  of  no  multipath. 
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4.  PERFORMANCE  ANALYSIS  OF  A/-PSK  SIGNAL 


This  chapter  presents  an  analysis  of  the  average  probability  of  symbol  error  for  a  A/-PSK  signal 
transmitted  through  the  channel  shown  in  figure  2.3  and  received  by  the  coherent  matched  filter 
shown  in  figure  4.1.  The  receiver  model  consists  of  a  correlator  implementation  of  a  coherent 
matched-filter  receiver  forM-PSK.  Figure  4.2  shows  the  constellation  of  8-PSK  with  its  associated 
decision  boundaries  and  a  typical  bit-to-symbol  mapping  called  Gray  encoding.  Note  that  log2(Af) 
bits  of  information  are  transmitted  with  each  A/-PSK  symbol.  The  material  presented  in  this  chapter 
is  an  extension  of  the  analysis  presented  in  chapter  3. 


Coherent  M-  PSK  Demodulator 


Figure  4.1.  Correlator  implementation  of  matched-filter  receiver  for  M-PSK  signals. 


5ji  3ji 


8-PSK  w/  Gray  Encoding 

Sj  =  —  000 

s2  =  eP*/*  —  001 

s3  =  e/4*/8  -*  oil 

s4  =  e*6*/8  —  010 

s5  =  e'8"/8  —  110 

56  =  e mi*  -*m 
s7  =  e'1 2,1/8  —  101 
s8  =  4,1/8  —  100 


(a) 


(b) 


Figure  4.2.  8-PSK  (a)  constellation  with  decision  boundaries, 
(b)  bit-mapping  using  Gray  encoding. 
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in  section  2.3, 


Using  the  two-path  multipath  channel  model  described 
HO)  =  Hxd(t)  +  H2  &0  -  xA),  the  received  signal  can  be  expressed  as 

R(t)  =  HxS(t)  +  H&t- xA)  +  /(f)  +  NO).  (4.1) 

The  Af-PSK  transmitted  bandpass  signal  can  be  written  as, 

S(f)  =  J2S  Y  Pjit  -  kT)  cos(2 nf<i  +  0k) 

k  (4.2) 

-  J2S  £  fak  cos(2 nfct)-bk  sin(2jr/‘c/)  ]  P^t-kT), 
k 

where  0k  E  (/  —  1)J  for  /  =  1  is  the  phase  of  the  kth  Af-PSK  symbol,  ak  =  cos(0t), 

bk  =  sin(0t),  5  is  the  transmitted  signal  power,  and  P^r)  the  symbol  pulse  waveform.  At  most,  one- 
symbol  transition  of  the  multipath  signal  can  take  place  in  the  interval  [0,  T)  of  the  direct  path  signal. 
The  following  analysis  will  consider  only  the  case  of  0  S  xA  ^  T.  The  case  of  xA  >  T  is  a 
straightforward  extension  and  presented  in  appendix  C.  With  this  assumption  on  the  delay  spread, 
the  received  signal  during  the  interval  [0,7]  can  be  written  as 

R(t)  =  j2S[akcos(2ttfct)  -  bksin(2nfct)]  PjO) 

+  H2j2S[ak  cosQjxMt  -  r^))  -  bk  sm(2jtfc(t  -  xA))\  PjO  -  xA) 

+  H2j7S[ak_l  cos(2 +  T  -  xA))  -  bk_x  sin(2 nf&  +  7  -  r„))]  P^t  +  T-  rA) 

+  m  +  m 

=  [hxJ7S  ak  Pj(,t)  +  H2j2S[ak  cos(2jtfcxA)  +  bk  *m{2nf#A)\  PjO  -  xA) 

+  H2j7S{ak_lcos(2jtMxA  -  T))  +  bk_l$m(2jifc(xA  -  T))]Pj{t  +  7  -  xA))]  co&QjiU) 

-  [//j  JlS  bk  PjO)  +  H2M\~  ak  sin (lrrf^A)  +  bk  008(2^/^))  PjO  -  xA) 

+  H2j2S[-  ak_l&m(27tfc(xA  -T))  +  bk_lco&(2jxfc(jA  -  T))}Pjit  +  7-  r^))]  sin(2* U) 
+  /(f)  +  N(t)  (4.3) 

using  trigonometric  identities.  Note  that  for  BPSK,  Af= 2  and  0k  E  {0°,  180°},  thus, 
ak  E  {+1,-1}  and  bk  -  0  and  eq.  (4.3)  reduces  to  eq.  (3.3)  when  the  sin(2 JifcQ  terms  are 
neglected. 

4.1  MATCHED-FILTER  DETECTION  OF  Af-PSK  WITH  CW  INTERFERENCE 

This  section  derives  the  probability  of  symbol  error  for  the  received  signal  given  by  eq.  (4.3)  with 
CW  interference,  /(f)  =  JTl  cos(2 3t(fc  +fj)t  +  <p).  Without  loss  of  generality,  consider  the  inter¬ 
val  [0,7].  The  output  of  the  in-phase  integrator,  s/Jc),  and  the  output  of  the  quadrature  integrator, 
Sy(k),  in  figure  4.1  can  be  written  as 
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(4.4) 


$x(*)  = 


T 

j  R(t)  2cos(2 Jtfct)  dt 
0 


=  ak  D(jk)  +  ak  F{(k)  +  bk  Gx{k)  +  ak_x  F2(k)  +  bk_x  G2(k)  +  /*(*)  + 


r 

Sy(it)  =  jfl(r)  2sin(2 nfc)  dt 

=  h*  D(Jt)  +  bk  Fx(k)  -  ak  Gi(k)  +  bk_x  F2(k)  -  ak_x  G2(k)  +  //*)  +  Nflk)  (4.5) 

where  the  terms  in  eqs.  (4.4)  and  (4.5)  will  be  defined  in  section  4.2.  The  conditional  probability  of 
symbol  error,  given  the  parameters  of  the  channel  model  and  interference  parameters,  is  given  by 


M 

PAHltH2,rA,l,fA,(t>)  =  X  b  P^si  1  Hi >H2,tA,I,fA,<t>) 


(4.6) 


1 


for  equal  probabilities  of  transmitting  each  of  the  Af  symbols.  Recall  that  the  probability  of  detecting 
a  symbol  error,  Ps,  is  equal  to  one  minus  the  probability  of  detecting  a  correct  symbol,  Pc.  Thus,  for 
thecasewhenO  ^  tA  £  T,  we  can  express  the  conditional  probability  of  symbol  error  given  that  the 
symbol  Sj  was  transmitted  as 

P^jHxM2trAJM)  =  1  -  Pc{sjdiltH2,rA,I,fAt<t>) 

M  . 

*  l-  X  Ji  <  fo)  *  0*2  1  5*-i  =  si  *  s*  =  5vJ-  (4-7> 

where  0*  and  &2  are  the  angles  of  the  lower  and  upper  decision  boundaries  respectively.  For  example 

for  Sj  =  si  =  e>°,  we  have  0}  =  -  j^and02  =  jj-  Note  that  for  Af-ary  signals,  we  must  consider 

the  possibility  that  one  of  Af  symbols  was  previously  transmitted.  For  the  case  when  xA  >  T,  eq. 
(4.7)  would  contain  Af 2  components  since  die  two  symbols  in  the  multipath  are  not  correlated  with 
the  symbol  in  the  direct  path,  sk ,  during  the  interval  [0,71.  This  case  is  presented  in  appendix  C. 

When  the  probability  of  symbol  error  is  the  same  for  each  symbol,  eq.  (4.6)  can  be  simplified  to 

PAHltH2,zA,I,fA,<p)  =  P^  1  HltH2,TA,I,fA,<p).  (4.8) 

This  can  be  shown  to  be  true  for  either  the  case  of  multipath  and  AWGN  or  the  case  of  multipath  with 
additive  finite  bandwidth  interference  and  AWGN  (treated  in  section  4.3).  However,  it  is  not  true  for 
the  case  considered  here.  Hence,  we  will  be  forced  to  solve  the  general  form  of  eq.  (4.7). 

A 

To  compute  eq.  (4.7),  it  will  be  necessary  to  derive  the  probability  density  function  of  0k  since 
e2 

Pr(6l  <  §(k)  <  d2)  =  J  pdfgP)  dd .  This  will  require  the  following  steps: 

e, 

(1)  find  the  joint  probability  density  function  of  £*(&)  and  Sy(k)  in  rectangular  coordinates, 
pdfjji x,  y),  (2)  transform  pdf.  .  ( x ,  y)  into  a  joint  probability  density  function  in  polar  coordinates, 
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pdf.  -( r ,  6),  and  (3)  remove  the  radial  dependence  by  integration,  pdf  46)  =  I  pdf.  -(r,  6)  dr. 

rjd  0  I  fp 

0 

following  proceeds  with  each  of  these  steps: 


The 


(1)  Note  that  the  only  random  term  ineq.  (4.4)  that  is  not  being  conditioned  on  i  the  Gaussian 
random  variable,  N^k).  Thus,  sj.k)  will  be  a  conditionally  Gaussian  random  variable  with  condi¬ 
tional  mean  and  variance 

m-  =  ak  D(k)  +  ak  Fx(k)  +  bk  Gx(k)  +  ak_x  F2(k)  +  bk_x  G2(k)  +  Ix(k) 

<4-9> 

°N,  °N 

Similarly,  s^fk)  given  by  eq.  (4.5)  will  be  a  conditionally  Gaussian  random  variable  uncorrelated 
with  s^k)  and  with  statistics  given  by 

mi  =  bk  D(k)  +  bk  Fx(k)  -  a k  Gx(k)  +  bk_x  F2(k)  -  ak_ ,  G2(k)  +  Iyfk) 

The  terms  in  eqs.  (4.9)  and  (4.10)  will  be  calculated  below  in  section  4.2.  Since  s^k)  and  Sy(k)  are 
uncorrelated  and  Gaussian  random  variables  they  are  also  independent  [10].  Thus,  their  joint 
probability  density  function  is 


U-mxi1 

1  f.  2»2 

(y-y)2 

<  ■  ■"  C  N 

v2jt  o jy 

J2Jon 

_  1 


2jiaj, 


A 

(2)  From  figure  4.1,  it  is  seen  that  the  decision  variable  is  8(k)  =  tan 


(4.11) 

thus  the  proba¬ 


bility  density  function  of  eq.  (4.11)  must  be  changed  into  a  probability  density  function  involving 
magnitude  and  phase  (see  section  2.11  of  [10]).  This  is  accomplished  by  a  change  of  variables, 

r  =  Jx2  +  y2  and  6  =  tan-1^j  resulting  in 


pdf.4r,6)  =  pdf u(x,y) 

Tfl 


dx  Bx 
dr  d0\ 
dy  dy 
Jr  Je 


_  r 
2710% 


\x  =  rcos(0) ,  y = r  sin(0) 

r2-2r\mxCfM(8)+mytiD(8)}+M2+m2 


(4.12) 


(3)  The  final  step  requires  removal  of  the  r  dependence  in  eq.  (4.12)  t  j  integration.  Proceeding 
by  completing  the  square  in  the  exponent  term  and  letting  (}  =  mxcos($)  +  mysin(0)  we  find 


pdffB) 


00 

=  j  pdf.fr, 6)  dr 

0  00 
-fi2*"?*" j  C 

=  —^r  e  H  I  r  e  H  dr. 

2 na\  J 


(4.13) 


(r  -  fl)/oN  ,  we  can  rewrite  eq.  (4.13)  as 

00 

r  ,  * 

oN{toN  +  P]e  2  dt 

r  •x 

-fi2+m J+*2 

00  00 

1  f2  f  ,2 

II 

£ 

■j 

TO 

Jt 

-*■ 

\  t  e  *  dt  +  Off  0  1  e  2  dt 

.  -Pic* 

=  e  **  Y*  ]  te>dt  +  oNp  J  eTdtV.  (4.14) 

L  -P/°.  -fi/On  J 

The  first  integration  in  eq.  (4.14)  is  straightforward  while  the  second  integration  can  be  found  from 
eq.  (3.8)  noting  that  4>(  -  x)  =  1  -  <P(x).  Thus,  evaluating  eq.  (4.14), 

pdfi{e)  =  5^  *"  ■*  ’  {-<*«'*  li:  V.  +  'So*  ?  *(!:)} 

=  J-  e~  H  +  P— e~  H  $>£-).  (4.15) 

**  j2xos  \a"! 


(4.15) 


Plugging  ft  into  eq.  (4.15)  and  rewriting  the  exponent  in  the  second  term  we  finally  arrive  at 


**  + 


mxcos(d)  +  mj,sin(0) 


(mx»a(8)-ii.r<x»(g)) 

2al 


M  ^2jion  ' 

Thus,  the  conditional  probability  of  symbol  error  is  given  by 


p^^cos^)*  mysin(fl)j  (416) 


4 

M  r 

PlsjpvH2,xA,I,fA,(t>)  =  1  -  X  M  \pdfe  (6  *  5k~1  =  5'  ’  Sk  =  sj)  m  (4-17) 

«=i  J 

*, 

using  eq.  (4.16)  to  compute  pdf.(d),  and  eqs.  (4.9)  and  (4.10)  to  compute  mxand  irrespectively. 

6 

Note  that  mxand  my are  dependent  on  the  symbols  s*and  sk_v  In  general,  the  integral  in  eq.  (4.17) 
must  be  evaluated  by  numerical  methods  (at  least  as  far  as  the  authors  are  aware  of).  However,  we 
can  make  use  the  following  upper  bound  (see  p.  264  of  [3]) 


00 

-»s7s\  e~md‘ 


OO 

f  *  +  f2  e~'2/2  dt  since  — —■  >0  for  t  >  0 

*2k  J  t2  t2 


<  -7==  \  e-*2/2  for  x  >  0. 

J2n  x 


(4.18) 


Before  continuing,  it  should  be  noted  that  the  upper  bound  in  eq.  (4.18)  is  much  tighter  than  the 

Chemoff  Bound,  <P(—  x)  <  e~*2/2  for  x  >  0,  derived  in  appendix  D.  Modifying  eq.  (4.18) 
slightly  by  noting  that  <P(x)  =  l  -  <P(-  x),  we  obtain 


<P(x)  <  1-— L-  e~x2/2  for  x  >  0, 
J2 ji  x 


(4.19) 


which  can  be  used  to  remove  the  phi  function  in  eq.  (4.16)  and  evaluate  the  integral  in  eq.  (4.17). 
Using  eq.  (4.19)  in  eq.  (4.15)  we  find  the  following 


!  B  -*+•4*4/  _£\ 

**/■<»*£'* ** 

<  -jJL —  e  H  for  [/nxcos(0)  +  mysin(0)]  >  0. 

y  2jlOfj 


(4.20) 


Now,  evaluating  just  the  integral  in  eq.  (4.17)  and  using  eq.  (4.20)  with  fi  plugged  back  in  and  letting 
t  =  (/nxsin(0)  -  mycos(d))/oN,  we  have 


mysin(0)  J*'**-*"*)' 


H  dO 


mx%m6i-my<x*Ql1 


N 

<_!_  f 

ys?  j 


e~i  dt 


mx  Bin  0*  -My  cob  0^ 


mx  sin^  -  my  cos 0^*1  \mx  sin^  -  my  cos&x 


1  J" 

:  —  <P  - 


(4.21) 


Thus,  we  find  the  upper  bound  for  the  conditional  probability  of  symbol  error  is  given  by 
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(4.22) 


M 

Ps(Sj\HvH2txAJ,fA,<l>)  S1-]T  £ 

i«l 


where  m,  and  my  are  dependent  on  both  the  i  and  j  index  through  the  present  and  past  symbols 
sk_  j  =  si  and  sk  =  s;  and  are  given  by  eqs.  (4.9)  and  (4.10).  Using  eq.  (4.22)  in  eq.  (4.6)  we  find 
that  the  average  conditional  probability  of  symbol  error  can  be  written  as 


(4.23) 


Eqs.  (4.23)  and  (4.22)  are  valid  as  long  as  mxcos(0)  +  my  sin(0)  >  0  for  all  0^  S  0  S  ForAf=2, 
eq.  (4.23)  can  be  shown  to  be  exactly  twice  as  large  the  exact  BPSK  expression  derived  in  eq.  (3.9). 


42  TERMS  IN  EQS.  (4.4)  AND  (4.5) 


ak  D(k)  and  bk  D(k)  are  the  desired  in-phase  and  quadrature  signal  terms  from  the  direct  trans¬ 
mission  path.  D(k)  can  be  found  from  interpreting  either  arm  of  figure  4.1,  for  instance  the  quadra¬ 
ture  gives 

T 

bk  D(k)  =  Jtfj/25  a*  sin(2^/ct)  2sm(2rtfct)  dt 
0 


for  Pj{t)  equal  to  a  rectangular  pulse  during  the  interval  [0,7].  Solving  for  D(k)  we  find 

D(k)  =Hly[2ST  (4.24) 

since  the  high-frequency  terms  are  removed  by  the  integration. 

ak  Fj(ib),  bk  G}(k),  ak_1  F2(k),  and  bk_i  G2(k)  are  the  in-phase  interference  terms  (ISI) 
created  by  the  multipath  while  bk  F^(k),  ak  G^k),  bk_1  F2(k),  and  ak_  j  G2(k)  are  the  quadrature 
interference  terms  (ISI)  created  by  die  multipath.  It  is  straightforward  to  show  that 


F, (t)  -H2j2S  (T- Tj)  cos(2jrfcTA)  (425) 

F2(k)  =H2j2S  <tA)  cos (TjiUza  -  T))  (4-26) 

G, (k)  =  H2j2S  (r-  tA)  un(2jifcrA)  (4.27) 

G#)  =  H2m  (xA)  smiar/^-7)).  (4.28) 

For  the  CW  interference,  /*(£)  is  given  by 


4-7 


Uk)  =  J  {Uca&Qjiifc  +  fA)t  +  <p)  2cos(2nfct)  dt 
0 


=  ^  [sin(2^r  +  <p)  -  sin(0)] 


and  Iy(k)  is  given  by 


Iy(k)  =  j  JVca&Qjiffc  +  fA)t  +  <p)  2sin(2 nfj)  dt 

^7  [cos(2 nfAT  +  0)-cos(0)] 

-J2J  Wa  • 


Nx(k)  andNy(k)  are  the  Gaussian  noise  terms  defined  as 


=  / 


NJtk)  =  m  2cos(2w/cf) 


r 

dt  NJ.k)  =  [ 


N(t)  2sin(2 jify)  dt. 


As  was  derived  in  eq.  (3. 14),  it  is  straight  forward  to  show  that 

EiN^k)]  =  £[ATy(*)]  =  E[N(t)]  m  0 

°NX  ~  °N,  =  °N  =  W 


(4.29) 


(4.30) 


(4.31) 


Thus,  the  conditional  probability  of  symbol  error  for  a  Af  -PSK  signal  transmitted  through  a  two- 
path  channel  with  additive  CW  interference  and  AWGN  is  given  by  using  eqs.  (4.24)  -  (4.31)  with 
eqs.  (4.9)  and  (4.10)  in  either  eqs.  (4.16),  (4.17),  and  (4.6)  or  in  eq.  (4.23). 


4.3.  MATCHED-FILTER  DETECTION  OF  Af-PSK  WITH  FINITE  BANDWIDTH 
INTERFERENCE 


The  previous  results  are  now  extended  to  include  a  finite  bandwidth  interference.  In  particular, 
the  interference  is  generated  by  passing  white  Gaussian  noise  through  an  ideal  bandpass  filter  result¬ 
ing  in  the  spectrum  displayed  in  figure  2.7.  In  this  case,  both  the  interference  and  the  noise  are  as¬ 
sumed  to  be  uncorrelated,  Gaussian  random  variables.  Thus,  $*(£)  and  s^k)  are  still  conditionally 
Gaussian  random  variables  as  they  were  for  the  CW  interference  case,  but  with  modified  conditional 
mean  and  variance.  In  addition,  the  probability  of  symbol  error  is  the  same  for  each  symbol,  thus  eq. 
(4.23)  can  be  simplified  to  just  that  of  eq.  (4.22).  Other  than  these  modifications,  all  other  previously 
derived  results  hold  for  finite  bandwidth  interference. 


The  statistics  of  s^k)  and  Sy(k)  are  given  by 

=  ak  D(k)  +  ak  Fx(k)  +  bk  Gx(k)  +  ak_l  F2(k)  +  bk_l  G2(k) 

a |  =  On,  +  o}M  =  On  +  erf 

mSj  =  bkD{k)'+  bk  Fk(k)  -  ak  Gj(*)  +  bk_x  F2{k)  -  ak_x  G2(k) 
°|  =  °at,  +  */,  =  aif,  4-  oj. 


(4-32) 

(4.33) 


All  toms  in  eqs.  (4.32)  and  (4.33)  were  previously  derived  in  section  4.2  with  the  exception  of  of* 
and  of,  which  will  now  be  derived. 
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Let  the  received  bandpass  interference  be  written  in  terms  of  its  in-phase  baseband  signal,  x(f), 
and  its  quadrature  baseband  signal,  y(t), 

HO  =  *(0  cos(2 n(fc  +  fA)t)  -  y(t)  sin(2 n(fc  +  fA)t) 

=  [x(r)  cos(2afAt)  -  y(t)  sin(2 nfAt)\  cos (2jtfct) 

-{*(')  sin(2 nfAt)  +  y(t)  cos(2 nfAt)\  sin(2 nfa).  (434) 

Then,  the  in-phase  interference  component  can  be  written  as 

T 

/*(*)  =  J[*(0  cos(2 nfAt)  -  y(t)  sin(2 nfAt)]  cos (2nf<i)  Icos^lnfct)  dt 

0 

7 

—  |[jc(r)  si n(2jtfAt)  +  y(t)  cos(2 nfA0\  sin(2jtfct)  2cos(2 nfa)  dt 
0 

T 

=  | [x(0  cos (2j[fAty-y(t)  sin(2n fAt)]  dt , 

0 

and  the  quadrature  interference  component  can  be  written  as 

T 

j[x(0  cos(2 nfAt)  —  y(t)  sin(2jifAt)]  cos(2ji fe)  2sin(2w/cf)  dt 

0 

7 

-  J[x(f)  sin(2jtfAt)  +  y(t)  cos(2nr/jf)]  sin(2 nfa)  2sin(27r/cr)  dt 
0 

7 

=  -J[*(0  sin(2^r)  +  y(t)  cos(2jifAt)]  dt, 


(4.35) 


(4.36) 


since  high  frequency  terms  are  removed  by  the  integration.  The  mean  of  both  eqs.  (4.35)  and  (4.36) 
will  be  zero  since  £[*(/)]  =  E\y{t)]  =  0.  Following  the  same  analysis  as  was  done  in  section  3.3  it  is 
apparent  that  <x£  =  aj  =  aj,  which  was  derived  in  eq.  (3.23)  and  repeated  here  for  convenience 


i‘=N-ir  [■*'(*<* -  W)  +  *] 

+  N~i  T  [*<*<«  +  %>r)  + 


(4.37) 


4.4.  SUMMARY  AND  EXAMPLES 


The  vector  representation  of  the  received  baseband  signal  applied  in  section  3.4  for  BPSK  can 
also  be  applied  for  A/-PSK.  Figure  4.3  illustrates  the  vector  diagram  of  the  received  baseband  signal 
when  the  quadrature  phase-shift-keyed  (QPSK)  (Af =4)  signal  is  transmitted  through  the  time-invari¬ 
ant  two-path  channel  with  xA  £  T.  The  direct  path  symbol  vectors  have  length  H1 J2S  while  the  two 
interfering  symbol  vectors  have  length  H2  J2S  and  phase  relative  to  the  direct  path  of  61  =  2nf,xA 
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and02  =  2jr/c(Tj  —  T).  The  received  demodulated  symbol  can  be  found  by  vector  addition  result¬ 
ing  in  a  total  of  M  (equal  to  four  here)  possible  symbols  demodulated  in  the  interval  [0,7]  for  each 
transmitted  symbol.  Note  that  only  one  of  the  possible  demodulated  symbols  represented  in  figure 
4.3  exists  at  any  one  time.  The  duration  of  each  symbol  is  defined  in  figure  3.2  as  was  the  case  for 
BPSK.  For  the  case  of  >  T,  the  first  multipath  symbol  is  no  longer  correlated  with  the  trans¬ 
mitted  direct  path  symbol,  so  it  too  will  generate  M  vectors  resulting  in  the  demodulation  of  M2  pos¬ 
sible  received  symbols  for  each  transmitted  symbol. 


quad-phase 


Figure  4.3.  Possible  demodulated  symbols  during  the  interval  [0,  T\  for 
a  QPSK  signal  transmitted  through  a  two-path  channel  with  O^TjSr. 


It  should  be  noted  that  while  the  exact  relationship  between  the  probability  of  bit  error  and  the 
probability  of  symbol  error  is  in  general  quite  complicated,  the  relationship  can  be  approximated  by 

—  p  (4.38) 


Pe 


log  2M  * 

where  Ps  is  the  average  probability  of  symbol  error  and  Pe  is  the  average  probability  of  bit  error. 


The  following  examples  will  exercise  the  average  probability  of  symbol  error  equations  derived 
in  this  chapter  to  highlight  some  of  the  characteristics  exhibited  by  a  multipath  communication  chan¬ 
nel  with  additive  interference.  Figures  4.4,  4.6,  and  4.7  summarize  the  equations  required  to 
compute  the  average  probability  of  symbol  error  for  the  cases  of  no  interference,  CW  interference, 
and  finite  bandwidth  interference  respectively  for  0  £  xA  £  T.  Appendix  C  presents  results  for 
r  a>T. 

Example  4.1  M-PSK  Signal  and  AWGN 


Consider  first  the  simplified  case  of  a  M-PSK  signal  with  AWGN.  Figure  4.5  plots  the  probability  of 
symbol  error  for  both  the  exact  value  found  by  numerically  integrating  eq.(4.17)  and  the  upper 
bound  value  given  by  reducing  eq.  (4.22)  to  obtain  ( see  also  eq.  4.2.109  of  [3]), 


P£H  j)  S2  0 


mx  sinj^ 


'N 


(4.39) 


Note  the  expanded  vertical  axis  highlights  the  tightness  of  the  bound  for  large  signal-to-noise  levels. 
Also  note  that  the  bound  improves  as  M  increases.  Under  the  worst  case  of  BPSK,  M-2,  it  is 
apparent  that  eq.  (4.39)  is  equal  to  twice  the  exact  value  given  by  eq.  (3.9).  Due  to  the  tightness  of  the 
upper  bound,  the  following  examples  all  plot  the  upper  bound  of  the  probability  of  symbol  error  for 
computational  considerations. 


ak  =  cos(O)  =  1 
bk  =  sin(O)  =  0 
D(k)  =  H,j2ST 

Fi(k)  —  H2j2S  (T  -  rA)  cos(2 JtfczA) 
Fj(k)  =  H2j2S  (zA)  cos(2 nffzA  -  7)) 
Gy(k)  =  H,j2S  (T-  zA)  sin(2 nfeA) 
G2(k)  =  H2j2S  (zA)  sin(2 nfJ(zA  -  T )) 
oN  —  JN0T 


transmitted  signal  power  =  S 


in-band  noise  power 


- »)(!) 


No 

T 


Pe  ■  0 
For i =  1 :M 

• '  f  fz» 

ak_y  =  cos(0) 
b*_,  =  sin(0) 

m,  =  D(k)  +  at  Ffk)  +  bk  Gx(k)  +  at_,  F2(k)  +  bk.x  G2(k) 
m,  =  bk  D(k)  +  bk  Fy(k)  -  ak  Gfk)  +  bk_t  F2(k)  -  G2(k) 


Figure  4.4.  Generation  of  the  average  probability  of  symbol  error  for 
an  Af-PSK  signal  transmitted  through  a  two-path  channel  model  with 
0  s  r^,  s  I  and  AWGN. 
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Figure  4.5.  Comparison  of  exact  (dashed)  and  upper  bound 
(solid)  expressions  for  probability  of  symbol  error. 

Example  42  M-PSK  Signal,  Multipath,  and  AWGN 

Next,  consider  the  case  of  an  M-PSK  signal  transmitted  through  a  time-invariant  two-path  channel 
with  additive  white  Gaussian  noise.  Figure  4.4  summarizes  the  relevant  equations.  Figure  4.8 plots 
the  system  performance  of  M=4/  S=5  dB,  M =8/  S=10  dB,  M=16/  S=20  dB  as  a  function  of  carrier 
frequency.  All  plots  show  the  same  carrier  frequency  dependence  as  didBPSK  in  example  3.1.  This 
comes  from  the  channel  frequency  response  of  the  two-path  channel  given  by  eq.  (2.9).  In  spectral 
nulls  of  the  channel  frequency  response,  the  system  performance  degrades,  corresponding  to  a 
reduction  in  received  signal  power  due  to  the  multipath  and  the  direct  path  adding  destructively. 
From  the  vector  diagram  in  figure  4.3,  this  corresponds  to  the  correlated  multipath  vector  pointing 
toward  the  origin.  In  spectral  peaks  of  the  channel  frequency  response,  the  system  performance 
improves,  corresponding  to  an  increase  in  received  signal  power  due  to  the  multipath  and  the  direct 
path  adding  constructively.  From  the  vector  diagram  in  figure  4.3,  this  corresponds  to  the  correlated 
multipath  vector  pointing  away  from  the  origin. 

Figures  4.9-4.13 plot  the  performance  of  the  M-PSK  system for  data  rates  given  in  table4.1.  These 
plots  all  have  a  carrier  frequency  of 200 MHz  that  centers  the  system  in  a  spectral  null  of the  channel 
frequency  response  when  the  multipath  tap-gain  coefficient  is  negative.  Note  that  since  the  data  rate 
remains  constant  in  each  plot,  the  symbol  rate  decreases  as  M  increases  and  thus,  the  xjT  ratio 
changes.  Table  4.1  summarizes  the  relationship  between  data  rate,  symbol  rate,  and  xA/T  for 
M=2,4,8,16  and  xA  -  5  tj  sec .  From  the  plots  it  is  apparent  that  larger  signal-to-noise  ratios  are 
required  to  maintain  performance  asM  increases.  Of  course  the  benefit  in  increasing  M  is  a  reduced 
transmitted  spectral  bandwidth,  which  results  in  improved  spectral  efficiency.  The  interesting  point 
is  that  for  a  multipath  tap-gain  coefficient  H2  =  -  0.8, 16-PSK  becomes  unusable  (at  least  by  the 
present  system  with  practical  signal  levels)  when  xjT  >  0.0625  as  shown  infigure4.11c  and  8-PSK 
becomes  unusable  when  xA/T  >  0.333  as  shown  by  figure  4.13c.  The  reason  for  this  is  that  as  M 
increases  the  decision  regions  are  reduced,  which  results  in  the  system  becoming  more  sensitive  to 
channel  nonidealities. 
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Table  4.1.  Data  rate,  symbol  rate,  and  t  JT  for  M=2, 4,8,16  and  t  =  5  r)  sec. 


Data  Rate 


1.544  Mbps 


10  Mbps 


Mbps 


100  Mbps 


Mbps 


Symbol  Rate 
M=4  I  M 


M= 2  M=4 


1 .544  Mbps!  722  Ksps  514.7  Kspsl  386  Ksps 


10  Mbps  5Msps  33.3  Msps  2.5  Msps 


Mbps  25  Msps  16.7  Msps  12.5  Msps 


100 Mbps)  50 Msps  |  33.3 Msps|  25 Msps 


Mbps  1 100  Msps  |  66.7  Msps  |  50  Msps 


0.0077 


0.0019 


0.05  0.025  0.0167  0.0125 


0.25  0.125  0.083 


Example  43  M-PSK  Signal,  Interference,  andAWGN 

Figures  4.14  and  4.15  consider  the  case  of  M-PSK  with  additive  interference,  but  no  multipath.  Both 
the  deterministic  CW  interferer  and  the  stochastic  finite  bandwidth  interferer  are  considered.  From 
the  previous  example,  it  was  shown  that  the  M-PSK  system  becomes  more  sensitive  to  nonidealities 
as  M  increases  and  the  data  rate  is  kept  constant.  Figures4.14  and  4.15  also  demonstrate  this  point. 

Figure  4.15  plots  system  performance  as  a  function  of  carrier  offset  frequency.  As  in  example  3.2  for 
BPSK,  performance  is  seen  to  be  most  severely  affected  when  the  interference  carrier  offset 
frequency  is  zero.  Local  minimum  occur  for  stochastic  narrowband  interference  in  the  nulls  of  the 
transmitted  M-PSK  signal  spectrum,  fA  =  R,2R,...,  (note  that  R  is  different  for  each  value  of M  since 
the  data  rate  is  a  constant).  Recall  from  chapter  3  that  the  deterministic  CW  interferer  displayed 

additional  offset  frequencies,  fA  =  ••  where  it  had  a  minimum  effect  on  the  BPSK  system 

performance.  This  was  shown  to  be  from  the  integration  over  the  interval  [ 0,  T]  of  the  deterministic, 
constant  envelope,  and  constant  phase  CW  interference.  It  is  interesting  to  note  that  for  M  >  2  this 
effect  does  not  appear  to  be  exhibited.  Figure  4.15  c  shows  that  as  the  bandwidth  of  the  interference 
increases,  the  interference  loses  the  ability  to  “hide”  in  the  M-PSK  signal  spectral  nulls. 
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transmitted  signal  power  -  S 
interference  power  = 
in-band  noise  power 


■  m)  •  sr 


D(k)  =  HJ2ST 

F,(k)  —  Hjj2S  (T  —  rA)  cos(2 nfcA) 

F^k)  -  H2/2S  (ta)  cos(2 nUxA  -  7» 

Gt(k)  =  H2j2S  (T-  zA)  sin (2*/«0 
G2(k)  =  H2j2S  (rA)  sin (2xfc(rA  -  T )) 

Uk)  =  Jv  +<P)~  sin(*)1 

,  PT.  [cos(2nfAT  +  <p)  -  cos(^)] 

Iy(k)  -m  ^ 

oN  *  JN0T 
P<  =  0 
For j  =  1:M 

e  =  j7  (j-V 
ak  —  cos  (6) 
bk  —  sin(0) 

#:  =  g  (2;  -  1) 

*.  =  g  (2 i  ~  3) 

Fori =  1:M 

0  =  %(i-  1) 
a*-.  =  cos«>) 
fc*_,  =  sin(©) 

mx  =  a*  £<*)  +  a*  F,(k)  +  bk  Gx(k)  +  F2(k)  +  bk.x  G2(k)  +  IXk) 

my  =  bk  D(k)  +  bk  F,(k)  -  a*  Gt(k)  +  bt_,  F2(k)  -  et_,  G2(k)  +  I^k) 


P  =  P  +  — 

'  '  M2 


\  mx  sin©2  ~  ny  cos©; 

oii 


EndFor 
EndFor 
/*.  -  1  -  Pc 


^  m,  sin©,  —  my  cos©,] 

“  *  Ws  I 

-Ik 


Figure  4.6.  Generation  of  the  average  probability  of  symbol  error  for 
an  M-PSK  signal  transmitted  through  a  two-path  channel  model  with 
0  <,  xA  ^  T,  additive  CW  interference  and  AWGN. 


a*  =  cos(O)  =  1 
bk  =  sin(O)  =  0 
D(k)  =  Ht  J2ST 

Ft(k)  =  H2m  (T  -  iA)  cos(2jifcA) 

F2(k)  =  H2j2S  (rA)  cos(2 nfkA  -  T)) 

Gi(k)  =  H2JlS  (T-  ta)  sin(2 nfcA) 

G2(k)  =  H2/2S  (ta)  sm(2jzfe(jA  -  T)) 
ol  =  N0T 

aj  =  ^T  |si(*(B  -  2fA)T)  +  C°S(^~: 


transmitted  signal  power  =  S 

interference  power  =  NJB  .. 

,  ,  (2\(No\  Nq 

tn-band  noise  power  =  I j)\2]  ~  ~f 


Si(n(B  +  2fA)T)  + 


N„  „  L„  „Mrx  .  cos(n(B  -  2fA)T)  -  l 
°i  IT  T  [*<*<«  "  2^T)  +  - n{B~-~2fA)f - 

.  Nb  t  Si(-(R  +  2 f)T)  +  005(71(3  +  2fd)T)  -  1 
+  IT  T  +  2f*>T>  +  „(B  +  2 fA)T 

ot+N  =  Jol  +  <rf 
P<  =  0 

For i  =  1  :M 

0  =  |r  (i  -  1) 
flt_,  =  cos(0) 

*i-i  =  sin(0) 

mx  =  a,  D(k)  +  a*  F,(*)  +  bt  G,(* )  +  a,.,  F*(*)  +  G2(*) 

=  bk  D(k)  +  bk  Ft(k)  -  at  G,(k)  +  bk.t  F2(k)  -  ak.t  G2(k) 

.  I  I  m,  sin'—  -  m,  cos  ^7  I  I  -  mx  sin 77  -  my  cosfj  1 1 

F'-p-  +  k  j* — \r. — ~M - !L - "  [ 

EndFor  ^  ^  ^ 

P,  =  1  -  Pc 


Figure  4.7  Generation  of  the  average  probability  of  symbol  error  for 
an  M-PSK  signal  transmitted  through  a  two-path  channel  model  with 
Q  <,  xA  <,  T,  additive  finite  bandwidth  interference  and  AWGN. 
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Prob  of  Symbol  Error:  MPSK(M=4)+AWGN(NoR=0dB) 


Carrier  Frequency  (MHz) 


(a) 


Prob  of  Symbol  Error:  MPSK(M=8)+AWGN(NoR=0dB) 


Carrier  Frequency  (MHz) 
(b) 


Prob  of  Symbol  Error:  MPSK(M=16)+AWGN(NoR=0dB) 


WKHKM 

mmm 

tfv- . . 

200  220  240  260  280  300  320  340  360  380  400 

Carrier  Frequency  (MHz) 

(c) 


Figure  4.8. .  Effects  of  multipath  as  a  function  of  carrier  frequency  for 
(a)  QPSK  S=5  dB,  (b)  8-PSK  S=10  dB,  (c)  16-PSK  S=20  dB  and 
xA  =  0.0077  T. 


6 


Figure  4.9.  Performance  of  A/-PSK  for  fixed  data  rate  of  1.544  Mbps  and  (a) 
no  multipath,  (b)  H2  =  —  0.4,  xA  =  5  17  sec,  (c)  H2  =  —  0.8,  xA  =  5  t]  sec. 
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Figure  4.10.  Performance  of  M-PSK  for  fixed  data  rate  of  10  Mbps  and  (a) 
no  multipath,  (b)  H2  =  —  0.4,  Tj  =  5  7  sec,  (c)  H2—~  0.8,  Tj  =  5  rj  sec. 
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(C) 

Figure  4.11.  Performance  of  M-PSK  for  fixed  data  rate  of  50  Mbps  and  (a)  no 
multipath,  (b)  Hz  =  -  0.4,  rA  =  5  rj  sec,  (c)  H2  —  —  0.8,  xA  =  5  77  sec. 
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Figure  4.12.  Performance  of  A/-PSK  for  fixed  data  rate  of  100  Mbps  and  (a) 
no  multipath,  (b)  H2  =  —  0.4,  =  5  tj  sec,  (c)  H2=  —  0.8,  xA  =  5  rj  sec. 
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(a) 


(b) 


(c) 

Figure  4.13.  Performance  of  Af-PSK  for  fixed  data  rate  of  200  Mbps  and  (a) 
no  multipath,  (b)  H2  =  -  0.4,  =  5  i\  sec,  (c)  H 2  =  -  0.8,  Tj  =  5  7  sec. 
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(C) 

Figure  4.14.  Performance  of  Af-PSK  for  increasing  interference  power 
and  -20-dB  noise  power  (a)  CW  interference,  (b)  B  =  1-Hz  interference, 
(c)  B  =  10- MHz  interference. 
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Carrier  Offset  Frequency  (MHz) 


(a) 


Carrier  Offset  Frequency  (MHz) 
(b) 


PrqJ)  of  Sym  Error:  MPSK(M=2,4,8,16)(0dB)+AWGN(NoR=-10dB)+F.BW(0dB,10u  iz) 


Carrier  Offset  Frequency  (MHz) 

(c) 


Figure  4.15. .  Performance  of  A/-PSK  for  increasing  carrier  offset 
frequency  (a)  CW  interference,  (b)  1-Hz  bandwidth  interference,  (c) 
10- MHz  bandwidth  interference. 
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5.  CONCLUSION 


This  report  has  presented  derivations  that  describe  the  system  performance  of  a  coherent  M- ary 
phase-shift-keyed  (M-PSK)  communication  system  in  terms  of  the  average  probability  of  symbol 
error  operating  under  the  following  nonideal  conditions:  (1)  time-invariant  two-path  channel,  (2) 
intentional/unintentional  interference,  and  (3)  AWGN.  Two  types  of  interference  were  considered, 
deterministic  CW  interference  and  stochastic  finite  bandwidth  interference.  The  resulting  deriva¬ 
tions  were  consolidated  in  pseudocode  for  easy  reference.  All  expressions  are  based  on  a  simplified 
FIR  channel  model  with  two  time-invariant  propagation  paths.  While  real  channels  will  be  time- 
variant,  this  model  provides  tractable  solutions  as  well  as  being  valid  over  short  time  intervals  in  a 
slowly  fading  channel.  Future  work  will  concentrate  on  removing  the  time-invariant  channel  re¬ 
striction. 

It  is  expected  that  the  information  contained  in  this  report  can  be  applied  to  any  time-invariant 
two-path  M-PSK  communication  channel  with  or  without  interference,  for  example  HF,  VHF,  UHF, 
or  SHF  LOS  communication  systems.  One  particular  example,  LOS  UHF  radio,  was  used  exten¬ 
sively  to  exercise  the  derived  expressions  and  illustrate  typical  system  performance.  It  was  shown 
that: 

1.  for  the  “frequency  nonselective  multipath”  condition  (defined  as  the  inverse  of  the 
channel  delay  spread  (null-to-null  separation)  being  approximately  greater  than  the 

transmitted  signal  bandwidth,  S  2R  or  ^  ),  the  effects  of  the  multipath  on 

system  performance  oscillate  between  constructively  adding  with  the  direct  path  and 
destructively  adding  with  the  direct  path  and  are  described  by  cos(2jifcrA), 

2.  for  the  “frequency  selective  multipath”  condition  (defined  by  the  inverse  of  the  channel 
delay  spread  (null-to-null  separation)  being  approximately  less  than  the  transmitted 

signal  bandwidth,  ^  <  2R  or  ta  >  ^  ),  the  effects  of  the  multipath  on  system 

performance  result  in  mostly  destructive  only  addition  with  the  direct  path, 

3.  additive  interference  most  severely  degrades  system  performance  when  the  interference 
carrier  offset  frequency  is  zero, 

4.  finite  bandwidth  stochastic  interference  can,  under  certain  conditions,  degrade  system 
performance  more  than  CW  interference  for  the  same  signal-to-  interference  ratio,  and 

5.  for  constant  data  rates,  the  sensitivity  to  channel  nonidealities  increases  dramatically  as 
M  increases  even  though  the  symbol  rate  decreases  as  M  increases. 

It  should  be  emphasized  that  the  results  derived  in  this  report  pertain  to  a  receiver  with  no  means 
of  compensation  for  the  nonideal  channel  conditions.  Methods  of  compensation  for  multipath  and 
interference,  like  adaptive  equalization,  beamforming,  spatial  diversity,  and  multichannel  adaptive 
equalization,  are  presently  under  investigation  by  the  authors.  The  results  in  this  report  will  help 
determine  the  performance  gain  offered  by  these  methods  of  compensation. 
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APPENDIX  A  -  COMPLEX  BASEBAND  REPRESENTATION 


Many  of  the  simulations  and  analyses  presented  in  the  literature  use  a  complex  baseband  repre¬ 
sentation  to  model  the  complete  communication  system  (see  for  example  [1]).  This  report  derived 
its  results  based  on  a  real  bandpass  signal  representation.  This  appendix  relates  the  real  bandpass 
signals  in  this  report  to  their  equivalent  complex  baseband  representations.  Related  future  work  will 
primarily  use  this  complex  baseband  representation.  The  notation  will  use  capitals  letters  for  real 
bandpass  signals  and  small  letters  for  complex  baseband  signals. 

A.1  BASEBAND  SIGNAL  AND  CHANNEL  MODEL 

The  real  bandpass  received  signal,  R(t),  can  be  written  as 

R(t)  =  H(t)  *  S(t)  +  /(f)  4-  N(t)  (A.l) 

where  //(f),  S(t),  /(r),  and  N(t)  are  the  bandpass  channel  impulse  response,  transmitted  signal, 
interference  signal,  and  additive  noise  respectively.  Real  bandpass  signals  that  are  narrowband  can 
be  represented  by  an  equivalent  complex  baseband  representation  that  can  simplify  simulation  and 
analysis  without  loss  of  generality.  For  example,  the  real  bandpass  transmitted  signal  is  written  as 

S(0  =  a(t)  cosQjifet  +  0(0)  (A.2) 

where  the  real  envelope  of  5(r),  a(r),  and  the  phase  of  S(t),  6(t),  bear  the  transmitted  information  and 
/c  is  the  earner  frequency.  Eq.  (A.2)  can  be  rewritten  using  a  trigonometric  identity  as 

5(0  =  a(t)  cos(d(t))  cos(2jtfcO  -  a(t)  sin(6(t))  sin(2nfct) 

=  x(t)  cos(2jifct)  -  y(t )  sin(2jtfct)  (A.3) 

where  x(t)  =  a(Ocos(0(O)  is  called  the  in-phase  component  and  y(0  =  a(t)  sin(0(O)  is  called  the 
quadrature  component.  Both  jc(f)  and  y(t)  are  real  baseband  signals,  that  is,  each  has  a  spectrum  that 
is  symmetric  about  f-0.  Eq.  (A.3)  can  be  generated  by  the  block  diagram  in  figure  2.1.  The 
spectrum-shaping  filter  is  typically  a  Nyquist  pulse  shaping  filter  like  the  raised-cosine  filter,  the 
cube  filter,  or  the  double-jump  filter  [2] .  (Recall  that  a  Nyquist  pulse-shaping  filter  has  the  property 
that  at  the  ideal  sampling  instants,  there  are  no  contributions  from  data  pulses  other  than  the  one 
being  detected  [3]).  Returning  to  eq.  (A.3),  it  can  be  written  as 

S(0  =  Ref(jc(f)  +  jy(t)}ef^^] 

S(t)  =  Re  5(r)  (A.4) 

where  5(0  =  x(t)  +  j  y(t)  represents  the  equivalent  complex  baseband  signal. 

To  see  how  the  convolution  of  real  bandpass  signals  in  eq.  (A.  1 )  can  also  be  rewritten  in  complex 
baseband  representation,  lets  expand  the  bandpass  convolution  using  the  two-path  channel  model, 
H(t)  =  //j<5(0  +  H^dit  -  rA).  Thus, 

H(t)*S(t)  =  H i[x(t)cos(2jtfct)  -  y(0sin(2n/c0] 

+  H2[x{t  -  rA)cos(27tfc(t  -  rA))  -  y (r  -  rJ)sin(2 Jifc(t  -  r^))] 

=  [Hxx{t)  +  Htfit  -  TA)cos(2nfcrA)  -  H^yit  -  TA)sin(2jifczA)]  cos(2nfct) 

-  [/fyy(0  +  H^{t-rA)sin{2nfcxA)  -f  Htfit-xJcosiQjtfcTj]  sin(2jtfct).  (A.5) 
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Eq.  (A.5)  can  be  shown  to  be  equal  to 

Hit)  *S(t)  =  Re[([M0  +  M'  ~  ^)]  +  J  [W  +  M'  ~  *j)])  *P*J] 

=  Re(h(t)*s(t))  e^]  (A.6) 

where  hit)  =  4-  ^(r  -  tA),  hx  =  //lt  and  h2  =  H2e~^^.  Thus,  hit)  is  the  complex, 

baseband  channel  impulse  response  (see  section  7. 1  of  [  1]  for  more  general  expressions  relating  the 
complex  baseband  channel  impulse  response  to  the  real  bandpass  channel  impulse  response).  In 

general,  it  can  be  shown  that  for  linear  filters,  Hit)*  Sit)  =  Re[/i(f)  e^2^] * Re|s(f)  = 

Ref (hit)*  sit))  eP**\ 

Finally,  we  see  how  eq.  (A.1)  can  be  rewritten  in  its  equivalent  baseband  representation 

KO  =  h{t)*s(t)  +  1(0  +  n(t).  (A.7) 

Eq.  (A.7)  describes  the  complex  baseband  communication  system  described  in  this  appendix  and 
figure  A.1  shows  the  complex  baseband  communication  channel  model. 

For  digital  communication,  the  complex  baseband  transmitted  signal  is  described  by 

s{t)  =  J2S  ^sk  Pjit-kT)  (A.8) 

k 

where  5  is  the  average  transmitted  signal  power,  {s*}  represents  a  sequence  of  symbols  transmitted  at 
the  symbol  rate  of  R  =  1/7  symbols  per  second,  and  Pj(f)  is  a  pulse  with  band-limited  baseband 
frequency  response.  The  binary  data  sequence  is  encoded  to  form  the  symbol  sequence,  {-%},byany 
of  numerous  digital  modulation  techniques  like  Af-ary  Phase-Shift  Key  (M-PSK)  and  Mary 
Quadrature  Amplitude  Modulation  (Af-QAM).  Each  modulation  technique  is  defined  by  its  discrete 
alphabet  (or  constellation)  of  complex  numbers. 


Figure  A.1.  Continuous-time,  complex  baseband  model  of  the 
communication  channel. 

A.2  BASEBAND  SIGNAL  STATISTICS 

The  autocorrelation  of  eq.  (A.7)  can  be  written  as 

<prAT)  =  \  £[K0  r*(t  -  r)]  =  Qh'stfsb)  +  0u<r)  +  <t>njSt)  (A.9) 

where  it  has  been  assumed  that  each  signal  component  is  mutually  uncorrelated.  The  factor  of  ^  in 
the  definition  of  the  autocorrelation  function  of  a  complex-valued  stochastic  process  is  an  arbitrary 
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but  mathematically  convenient  normalization  factor  frequently  used  in  the  literature  (see  for 
example  section  1.2  and  3.1  of  [1]).  For  example,  if  s(t)  is  a  zero-mean,  complex-valued  stochastic 
process  written  in  terms  of  its  in-phase  and  quadrature  components,  s(t)  =  x(t)  +  j  y(t),  then  the 
autocorrelation  function  of  s(t)  is  written  as 

=  ^[*0  *'(<  -  *)] 

=  -  r)]  +  -*)]  +  /  (£W<W<  - 1)]  -  -  r)])| 

“  +  M)  +  i  -  *«<*»)•  (A  10) 

Notice  that  the  factor  of  i  is  missing  from  the  definition  of  the  correlation  function  of  real-valued 

stochastic  processes,  consistent  with  previous  definitions  given  for  bandpass  signals.  Eq.  (A.  10)  can 
be  further  reduced  if  s(r)  is  from  a  wide  sense  stationary  stochastic  process.  Under  these  conditions, 
<PxJt)  -  4>yJ?)  and  4>xJ?)  -  -  <PyJj)  (see  section  3.1  of  [1]),  and  eq.  (A.10)  reduces  to 

=  <PxJj)  +  j  <pyjr).  (A.11) 

Thus,  the  relationship  between  the  autocorrelation  of  the  real  bandpass  signal  and  the 
autocorrelation  of  the  complex  baseband  signal  can  be  easily  shown  to  be 

<PsJ?)  =  Re[0ifl(r)  e'2^].  (A.12) 

The  aesthetically  pleasing  form  of  eq.  (A.12)  is  the  reason  for  including  the  arbitrary  i  factor  in  the 
definition  of  the  correlation  function  for  complex  processes. 

To  proceed  in  evaluating  eq.  (A.9)  requires  that  some  assumptions  be  made  about  the  compo¬ 
nents  of  the  received  signal.  The  channel  impulse  response  considered  in  this  paper  consists  of  two, 
time-invariant,  discrete  paths,  normalized  to  the  delay  of  the  direct  path.  With  this  channel  model, 
it  can  be  shown  that 


<Phsj,-J.T)  =  (hi^sjr  +  xA)  +  (j/ijl2  +  | *2I2)Mt)  +  (hih2}psjr  -  xA) 
where  for  Pj(t)  =  1  in  the  interval  [0,T]  and  0  elsewhere, 

is  (iJ0  -rsrsr 

[  0  otherwise 

Eq.  (A.  14)  has  explicitly  assumed  that  the  power  spectra  of  S(t)  is  symmetric  about/= fc  (as  is  typical 
for  double-sideband  communication  systems)  and  thus,  =  0  =  <t>yJx). 


—  0x^(t) 


(A.13) 


(A.14) 


T\vo  types  of  interference  are  analyzed  in  this  paper.  The  first  is  a  CW  interference  given  by, 
i(t)  -  m  e^2^'+^,  where/,  fA,  <f>  are  the  power,  carrier  offset  frequency,  and  phase  of  the  inter¬ 
ference  respectively.  The  autocorrelation  of  the  CW  interference  is  found  to  be 


<j>Jx)  =  /  e+^T. 


(A.  15) 


The  second  type  of  interference  is  bandpass  white  Gaussian  noise  with  power  spectra  shown  in  figure 
A.2  and  defined  by 

PSDtf)  =  {  Nb  fA~2  -  (A.16) 

1 0  otherwise 
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(A.  17) 


Its  autocorrelation  can  be  computed  by  taking  the  inverse  Fourier  transform  of  eq.  (A.16), 

-  NgB  '***'. 

This  interference  model  encompasses  both  narrowband  and  broadband  interference  with  a  single 
parameter,  the  bandwidth  B.  For  very  small  but  finite  B,  eq.  (A.17)  reduces  to  eq.  (A.15)  where 
I  -  NgB  is  equal  to  the  total  baseband  interferer  power. 


PSDtf) 

B 


N, 


B 


Figure  A.2.  Spectrum  of  finite  bandwidth  interference  at  baseband. 

Finally,  the  additive  noise  is  assumed  to  come  from  a  white  Gaussian  process  with  power  spectral 
density  PSDn(f)  =  N0  for  all  frequency  resulting  in  its  autocorrelation  function  being 

<Kr)  =  N0  <5(r). 
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APPENDIX  B  -  PERFORMANCE  ANALYSIS  OF  BPSK  SIGNAL 

FOR  xA  >  T 


This  appendix  augments  chapter  3  by  presenting  an  analysis  of  the  average  probability  of  bit  er¬ 
ror  for  a  BPSK  signal  transmitted  through  the  two-path  channel  with  xA  >  T.  All  other  assumption 
are  the  same  as  in  chapter  3. 


Using  the  two-path  multipath  channel  model  described 
H{t)  =  +  H2  6(t  -  xA),  the  received  signal  can  be  expressed  as 

in  section  2.3, 

R(t)  =  H,S(t)  +  H£(t-xA)  +  lit)  +  Nit), 

(B-1) 

where 

Sit)  =  72 5  Pjit-  kT)  cos(2jr/cr) 

(B.2) 

k 


is  the  BPSK  transmitted  bandpass  signal,  ak  E  ( +  1,  —  1)  is  the  kth  bit,  S  is  the  transmitted  signal 
power,  and  Pj(t)  the  symbol  pulse  waveform.  At  most,  one-bit  transition  of  the  multipath  signal  can 
take  place  in  the  interval  [0,  T]  of  the  direct  path  signal.  The  following  analysis  will  consider  the  case 
of  y  T  £  xA  £  (y  +  1)T  where  y  S  {1,2,3,...}  as  shown  in  figure  B.l.  For  xA  -  T,  y  =  1  and 
the  results  in  this  appendix  reduce  to  those  in  chapter  3.  The  received  signal  during  the  interval  [0,7] 
can  be  written  as 

R(t)  =  7/j  725  ak  Pjit)  cos (2a/**) 

+  ak_y  Pj{HxA-yT))  cos(2jt f^t-ix^T))) 

+  H2j2S  aA_<y+1)  Pj(t-(xA-iy  +  1)7))  cos (2^^^  +  W» 

+  7(f)  +  N(t) 

=  [t/j  ak  Pj(i)  +  H2  ok_y  P —  (xA  —  yT))  cos\2jtf^xA  —  y7)) 

+  H2{2S  a*_(y+1)  Pj(HxA-iy  +  1)7))  cos(2tt/c(tj-0'  +  1)7))]  cos^fe) 

+  I(t)  +  N(t)  (B.3) 

using  trigonometric  identities  and  neglecting  sin(2 nfct)  terms  since  they  will  be  eliminated  by  the 
coherent  BPSK  demodulator  shown  in  figure  3.1.  Note  that  for  xA  >  T,  the  multipath  looks  like  an 
uncorrelated  BPSK  interference  with  equal  data  rate  and  zero  offset  frequency  since  the  two 
multipath  bits  are  uncorrelated  with  the  direct  path  bit  in  the  interval  [0,7].  This  case  was  treated  in 
section  4.2  of  [1].  It  will  be  seen  that  the  results  do  not  depend  on  the  actual  value  of  y,  but  rather  on 
the  multipath  bit  durations  in  the  interval  [0,7]  given  by  xA  —  yT  and  (y  +  1  )T  -  xA  as  shown  in 
figure  3.1. 
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Figure  B.l.  DesLul  and  interfering  baseband  signals  in  [0,  T], 
y  T  «S  xA  (y  +  1)T,  ak_y  »  +  l,ak-(y+i)  =  “  1- 


B.l  MATCHED-FILTER  DETECTION  OF  BPSK  WITH  CW  INTERFERENCE 


This  section  derives  the  probability  of  bit  error  for  the  received  signal  given  by  eq.  (B.3)  with 
CW  interference,  /(f)  =  Jli  cos(2 n(fc  +  fA)t  +  $)■  Without  loss  of  generality,  consider  the  inter¬ 
val  [0,71.  The  decision  variable,  s(k),  can  be  written  as 
r 

s(k)  =  J R(t)  2cos(2jr/c/)  dt  =  ak  D(k)  +  ak^  Kx(k)  +  ak_<y+l)  K2(k)  +  /(it)  +  N{k).  (B.4) 

0 

The  only  random  term  in  eq.  (B  .4)  that  is  not  being  conditioned  on  is  the  Gaussian  random  variable, 
N(k).  Thus,  the  decision  variable,  £(£),  will  be  a  conditionally  Gaussian  random  variable  with 
variance 

Oh  =  N^T  (B.5) 

as  was  derived  in  section  3.2.  The  deterministic  terms  in  eq.  (B.4)  can  be  shown  to  be  equal  to 


D(k)  =  Hx  J2ST 

(B.6) 

Kx{k)  =  H2j7S  ((y  +  1)7*  -  xA)  cos(2 nf^xA  -  yT)) 

(B.7) 

K2(k)  =H2j2S  (xA  -  yT)  cos(2 jiMxa  -  (y  +  1)71) 

(B.8) 

/(Jt)  _  (y  [sin(2jr/dT  +  0)-su#)] 

2 nfA 

(B.9) 

The  conditional  probability  of  bit  error,  given  the  parameters  of  the  channel  model  and  interfer¬ 
ence  parameters,  is  given  by. 


II +  \P^.-VHl,H2.rA.l.fA.<l>)  (B.10) 


for  equal  probabilities  of  transmitting  +1  and  -1  bits.  For  the  case  when  xA  >  T, 
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Rewriting  eqs.  (B.ll)  and  (B.12)  so  that  the  Gaussian  random  variable  has  zero  mean  and  unity 
variance,  we  find  that  eq.  (B.10)  can  be  written  in  terms  of  eq.  (3.8)  as. 
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where  the  components  of  eq.  (B.13)  are  given  by  eqs.  (B.5)  -  (B.9). 

B2  MATCHED-FILTER  DETECTION  OF  BPSK  WITH  FINITE  BANDWIDTH 
INTERFERENCE 

The  previous  results  are  now  extended  to  include  a  finite  bandwidth  interference.  In  particular 
the  interference  is  generated  by  passing  white  Gaussian  noise  through  an  ideal  bandpass  filter  result¬ 
ing  in  the  spectrum  displayed  in  figure  2.7.  In  this  case,  both  the  interference  and  the  noise  are 
assumed  to  be  uncorrelated,  Gaussian  random  variables.  Thus.eq.  (B.13)  can  be  modified  to  find  the 
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conditional  probability  of  bit  error,  given  the  parameters  of  the  channel  model  and  interference 
parameters,  as 


Pe(H1,H2.rA.HB.fA,B) 


1  J  +  D(k)  4-  *,(*)  -  K2{k)> 
4™  °i+N  ; 

lJ  +  D(k)  -  Kx(k)  -  K2(k) 

4™  Ol+N 

,  1 J  +  D(k)  +  +  K2(k) 

+  4V\  oI+N 

1 J  +  D(k)  -  K,(k)  +  K2(k) 

4V\  oI+N 


(B-14) 


where 


°}+N  =  +  aN- 


Recall  that  of  was  previously  computed  in  section  3.3  and  found  to  be 


4- 


Nb 

n 


T  -  2fA)T)  4- 

T  \si(n{B  +  2fA)T)  4- 


cas[jt(B  -  2 fA)T)  -  l] 

ji{B  -  2 \fA)T  J 

cos(^(B  4-  2fA)T)  -  l] 

ji(B  +  2 fA)T  J' 


(B.15) 


(B.16) 


Thus,  all  components  in  eq.  (B .  1 4)  are  known.  Figures  B  .2  and  B  .3  summarize  the  equations  derived 
in  this  appendix. 
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Figure  B.2.  Generation  of  the  average  probability  of  bit  error  fra*  a  transmitted 
BPSK  signal  through  the  two-path  channel  model  with  xA>  T  and  additive 
CW  interference  and  AWGN. 


Figure  B.3.  Generation  of  the  average  probability  of  bit  error  for  a  transmitted 
BPSK  signal  through  the  two-path  channel  model  with  x A  >  T  and  additive 
finite  bandwidth  interference  and  AWGN. 
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APPENDIX  C  -  PERFORMANCE  ANALYSIS  OF  Af-PSK  SIGNAL 

FOR  xA  >  7 

This  appendix  augments  chapter  4  by  presenting  an  analysis  of  the  average  probability  of  symbol 
error  for  a  Af-PSK  signal  transmitted  through  the  two-path  channel  with  xA  >  T.  All  other  assump¬ 
tion  are  the  same  as  in  chapter  4. 

Using  the  two-path  multipath  channel  model  described  in  section  2.3, 
H{t)  =  Hydit)  +  H2  <5 (t  -  xA),  the  received  signal  can  be  expressed  as 

Rit)  =  HySit)  +  H£it-  xA)  +  lit )  +  Nit).  (C.l) 

The  M-PSK  transmitted  bandpass  signal  can  be  written  as 

S(t)  -  JlS  ^  [ak  cosilnfct)  -  bk  sin(2n/cf)]  Pjit  -  kT)  (C.2) 

k 

where  6k  E  (i  -  1)|  fori  =  1  ,...,M  is  the  phase  of  the  kth  M-PSK  symbol,  ak  =  cos(0*), 

bk  =  sin(0*),  S  is  the  transmitted  signal  power,  and  Pjit)  the  symbol  pulse  waveform.  At  most,  one- 
symbol  transition  of  the  multipath  signal  can  take  place  in  the  interval  [0, 7]  of  the  direct  path  signal. 
The  following  analysis  will  consider  the  case  of  y  T  s  xA  s  (y  +  1)7  where  y  E  (1,2,3,...}  as 
shown  in  figure  B.l.  For  xA  =  Tandy  =  1 ,  the  results  in  this  appendix  reduce  to  those  in  chapter  4. 
To  simplify  the  notation  in  the  following  let  rx  =  xA  -  yT  and  r2  =  (y  +  1)7  —  xA,  which 
corresponds  to  the  duration  of  the  •?*-()' +1)  sk-y  multipath  symbols  in  the  interval  [0,71 
respectively.  The  received  signal  during  the  interval  [0,T]  can  be  written  as, 

Rit)  =  Hy  j2S[akcosi2jtfct)  -  bksmi2jxfct)]  Pj{t) 

+  H2j2S  ak_y  cosi2jtfdt  -  rx))  -  bk_y  smi2jifdt  -  Tj))]  Pjit  -  Xy) 

+  H2j2S  ak_{y+ 1}  cos(2rr/c(f  -  r2))  -  bk_(y+l)  sin(2r/c(/  -  r2))j  Pj{t  -  x2) 

+  at)  +  m, 

=  [Hyj2S  ak  Pj{t)  +  H2j2s{ak_y  cosi2nfcx{)  +  bk_y  sinC^^)}  Pjit  -  xx) 

+  H2j7S\ak_(;y+y)co&i2nfcx2)  -I-  bk_(y+1) sin(2jr/cr2) -  r2)]  cosilnfet) 

-  [Hyj2S  bk  Pjit)  +  H2J7S[- ak_y  sin(2w/cT1)  +  bk_y  cosCZr/ctjjJ  Pjit  ~  *i) 

4-  H2  J2S  |  —  ak-(y  + 1)  sin(2#/cT2)  +  bk_(y+  x) cos(2^/ct 2)}p jit  -  x2)]  sin QjiU) 

+  lit)  +  Nit)  (C.3) 

using  trigonometric  identities.  Note  that  for  xA  >  T,  the  multipath  looks  like  an  uncorrelated 
M-PSK  interference  with  equal  data  rate  and  zero  offset  frequency  since  the  two  multipath  bits  are 
uncorrelated  with  the  direct  path  bit  in  the  interval  [0,71. 

C.1  MATCHED-FILTER  DETECTION  OF  Af-PSK  WITH  CW  INTERFERENCE 

This  section  derives  the  probability  of  symbol  error  for  the  received  signal  given  by  eq.  (C.3) 
with  CW  interference,  lit)  =  JTl  cos(2jr(/"c  +  fA)t  +  <f>).  Without  loss  of  generality,  consider  the 
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interval  [0,71.  The  output  of  the  in-phase  integrator,  s£k),  and  the  output  of  the  quadrature-phase 
integrator,  Sy(k),  in  figure  4.1  can  be  written  as. 


Sx(k)  =  J  R(t)  2cosQjifct)  dt 
0 

=  a*  Dik)  +  ak^  *,(*)  +  bk^  L,(*)  +  ak^+l)  K2(k)  +  bk^+l)  L2(k)  +  Uk)  +  Ntf) 


(C.4) 


i 

Sy(k)  =  j  R(t)  2sin(2^J)  dt 

=  bk  D(k)  +  bk_y  *,(*)  -  ak_y  L,(*)  +  K2(k)  -  at_(y+1)  L2(k)  +  //*)  +  N/k) 


(C.5) 


The  only  random  term  in  eq.  (C.4)  (eq.  (C.5))  that  is  not  being  conditioned  on  is  the  Gaussian  random 
variable,  N^jk)  (Ny(k)).  Thus,  s^k)  and  Sy(k)  will  be  uncorrelated,  conditionally  Gaussian  random 


variables  with  variance 

°\x  =  °)y  =  °N  =  N0T  (C.6) 

as  was  derived  in  section  4.2  and  mean 

mSx  =  ak  D&)  +  ak-y  *l(*)  +  bk-y  Lltt)  +  ak-(y+l)  *2<*)  +  bk-(y  + 1)  L2&)  +  /x(*)  (C.7) 

m5y  =  bk  Ki(,k)-ak^  L{(k)  +  bk_(y+l)  K2{k)-ak_{y+Y)  L2(k)  +  Iy(k).  (C.8) 

The  deterministic  terms  in  eqs.(C.4)  and  (C.5)  can  be  shown  to  be  equal  to 

D(k)  =  Hlj2ST  (C.9) 

*i(*)  =  H2j2S  ((y  +  1  )T  -  xA)  cos(2jt/c(^  -  yTj)  (C.10) 

K2(k)  =  7/2/2S  (xA  -  yT)  cosjW^  -  (y  +  1)71)  (C.ll) 

Lx{k)  =  H2j2S  ((y  +  1)T  -  xA)  sm(2jiMxA  -  yT))  (C.12) 

L2(k)  =  H2j2S  (xA  -  yT)  sm[2jtfc(xA  -  (y  +  1)71)  (C.13) 

m  =  m  1  (C.14) 

_  ^  +  «-«■»>!.  (C  15) 


The  conditional  probability  of  symbol  error,  given  the  parameters  of  the  channel  model  and 
interference  parameters,  is  given  by 

M 

P j( Hi,H2,xA,I,fA,<f> )  =  ^  ^  T’jCfy  I  7/j, //2> 7,^,0)  (C.16) 

7-1 

for  equal  probabilities  of  transmitting  each  of  the  M  symbols.  Recall  that  the  probability  of  detecting 
a  symbol  error,  7>„  is  equal  to  one  minus  the  probability  of  detecting  a  correct  symbol,  Pc-  Thus,  for 
the  case  when  xA  >  T,  we  can  express  the  conditional  probability  of  symbol  error  given  that  die 
symbol  Sj  was  transmitted  as 
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P^spivH2,  =  \-P<{sjpx,H2,TAJJA,<t>), 


M  M 


(C.17) 


=  1  “  Z  Z  ife  Pr(^i  <  ^  *  °2  I  Si-(y+l)  *  s*  -  Sk-Y  *  */  »  **  ■ 

/»1  i-1  '  ' 

where  0^  and  0>2  are  the  angles  of  the  lower  and  upper  decision  boundaries  respectively  for  s}.  Using 
the  same  techniques  as  was  used  in  chapter  4,  eq.  (C.17)  can  be  written  as 


2 

m  m  r 

P£sJIPt,H2,TA, l,fA, 4)  =  1  -  X  2  jwj  (6  I  =  s<  *  st-r  =  s<  .  St  m  s,)  40  (C.18) 

1-1  i-l  J 


where 


pdfj)ie)  ,  J.  +  m«cos(^'  m>5in(9)  ^^.cos(9)  +  (C  19) 

By  using  an  upper  bound  for  the  phi  function,  eq.  (C.19)  was  bounded  in  chapter  4,  which  can  then  bt 
used  to  find  the  following  upper  bound  of  eq.  (C.18), 

.  1  f  U  Sin0>  -  m  cos#]  f mx  sin©'  -  m  cost'll 

M - sr- — M  -  •[ - sr1 — !||<c 

where  mx  and  my  are  dependent  on  both  the  / ,  i  and  j  index  through  the  present  direct  path 
symbols*  =  Sj  and  the  past  multipath  symbols  s*_(y+1)  =  st  and  sk_y  =  s,  and  are  given  by  eqs. 
(C.7)  and  (C.8).  Using  eq.  (C.20)  in  eq.  (C.16),  we  find  that  the  average  conditional  probability  of 
symbol  error  can  be  written  as, 

A  ^  v1,  1  f  U  sin*,  -  m,  cos#]  fm,  sin 6>  -  my  cost'll 

*  1  -  £  2  2  ^  M - -aT1 - SJ  -  *1 - -or1 - lJ]  (C.21) 

where  mx  and  my  are  given  by  eqs.  (C.7)  and  (C.8)  using  eqs.  (C.9)-(C.14)  and  aN  is  given  by  eq. 
(C.6).  Eqs.  (C.21)  and  (C.20)  are  valid  as  long  as  mxcos(0)  +  mysin(0)  >  0  for  all  0^  S  0  £  0^. 

C 2  MATCHED-FILTER  DETECTION  OF  Af-PSK  WITH  FINITE  BANDWIDTH 
INTERFERENCE  AND  SUMMARY 

When  the  probability  of  symbol  error  is  the  same  for  each  symbol  eq.  (C.16)  can  be  simplified  to 

=  P j(sj  |  (C.22) 

This  can  be  shown  to  be  true  for  either  the  case  of  multipath  and  additive  white  noise  or  the  case  of 
multipath  with  additive  white  noise  and  additive  finite  bandwidth  interference.  Under  these  cases 

A  1  [  fni,  sin#  —  my  cos#]  \mx  sin#,  -  my  cos#] 1  _ _ 

a  1  -  X  £  w  M - hr1 - !J  -  *[ - sir - J|  (C23> 

where  for  finite  bandwidth  interference  aN  is  replaced  by  ^  v  given  by 

oj+N  =  °I+°N-  (C-24) 


(■,im(g)-«iyca»(8)) 


(C.20) 
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Recall  that  aj  was  previously  computed  in  section  3.3  and  found  to  be 


Si(n(B  -  2 fA)T) 
+  2 fA)T) 


cos(n(B  -  2fA)T)  -  l] 

n(B  -  2 :fA)T  J 

,  cos(n(B  +  2fA)T)  -  l] 
ji(B  +  2 fA)T  J 


(C.25) 


Thus,  all  components  in  eq.  (C.23)  are  known.  Figures  C.l  -  C.3  summarize  the  equations  derived  in 
this  appendix. 


» 


D(k)  =  Ht  J2S  T  transmitted  signal  power  =  S 

*.(*)  =  H>j2S  ((y  +  1)7  -  xA)  cos  (2*/^  -  y7))  (2\(N0\ 

K2(k)  =  H2j2S  (xA  -  yT)  cos(2jif£rA  -  (y  +  1)7))  in'band  noise  P°wer  "  2  j 

L,(k)  =  H2j2S  ((y  +  1)T  -  xA)  sin(2^/^  -  yT)) 

L2(k)  =  H2j2S  (xA  -  yT)  sin(2*/Xr„  -  (y  +  1)7)) 
a*  =  cos(0)  =  1 
bk  =  sin(O)  =  0 


aN  —  T 
Pc  =  o 
For  I  =  1 :M 


e-f  (/-i) 

ak-y  =  COS(fl) 

bk_Y  =  sin(0) 

Fori =  1:M 

e  =  ^  (i  - 1) 

«*-*«.  u  =  cos(0) 
**-o-*d  =  sin(0) 


End For 
End  For 
F,  «  1  -  Pc 


miy  ~  bk  D(k)  +  bk.r  Ki(k)  —  a*_r  Lt(k)  +  1)  7C2{k)  —  L; 

„  _  „  ,  i  fJV  sin02  -  my  cos02"|  „J"m*  sin0,  -  m,  cos6 

Pc  ~  Pc  +  Jp  1  *1  a;  I  “  *1  On 

dFor  1 

\r 


No 

T 


Figure  C.l.  Generation  of  the  average  probability  of  symbol  error  for 
a  transmitted  M- PSK  signal  through  the  two-path  channel  model  with  xA>  T 
and  AWGN. 


D(k)  -  H{  J2S  7  transmitted  signal  power  =  S 

*.(*)  =  H2J2S  ((y  +  1)7  -  xA)  cosCir/^  -  yT))  intcrfcrence  power  *»  /  .  . 

^j(^)  *  ^2  &S  (xA  —  yT)  ax(2xf£xA  -  (y  +  1)T))  in-band  noise  power  *  (y)('yj  “  ~j 


LM 

Lm 

m . 


<H2j2S  ((y+  1)7  -  rj  sin^/Xr,  -  yT)) 
-  H2j2S  (xA  -  yT)  sin(2nfc(xA  -  (y  +  1)7)) 
j2j  [sin(2g/J7  +  0)  -  sin(^)j 
2* fA 


uk)  =  m tcos(2:r^7  ±  jjo  ~  cos^)i 
_  2*/,» 

Pc  =  0 
For j  =  1:M 

*  -  §  0  -  l) 

a*  =  cos(9) 


9, 


sin(9) 

s^-1) 

9,-J  (2;  -  3) 

Fori =  1:M 

a,_r  =  cos(9) 
fc*_y  =  sin(9) 

For i *  1  :M 

a*-<x+D  =  cos(9) 

=  sin(9) 

m,  =  a*  Z>(*)  +  a*_r  *X*)  +  t*.r  !,(*)  +  AT2(*)  +  bk  -fr+l)  LAk)  +  /X*) 

miy  =  £(*)  +  *i(*)  “  «*-,  ^X*)  +  fr*-er+ 1)  *X*)  “  a*-(rM)  ^(*)  +  //*) 

P  =  p  +  J_  Mm,  sin92  -  my  cos921  _  i~m,  sin9,  -  my 

EndFor  ^ 

EndFor 
EndFor 
P,  =  \-Pc 


Figure  C.2.  Generation  of  the  average  probability  of  symbol  error  for 
a  transmitted  Af-PSK  signal  through  the  two-path  channel  model  with 
ta  >  T,  additive  C  interference  and  AWGN. 
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D{k)  =  H ,  725  7  transmitted  signal  power  =  5 

K\(k)  =  H2  J2S  ((y  +  1)7  —  tA)  cos(2n/c(tj  —  yT))  interference  power  =  NJB 
K2{k)  =  W272S  (r,  -  yT)  cos^r,  -  <y  +  1)7))  in.band  M1SC  ^  =  72)(ft 
!,(*)  =  W2  72S  ((y  +  1)7  -  O  sinC^/X^  -  y7))  Vi/'  Z 

L2(k)  =  H2j2S  (fj  -  yT)  *0(2*/^  -  (y  +  1)7)) 
at  =  cos(O)  =  1 
bt  =  sin(O)  =  0 


S»(*(B  -  %)7)  + 
Si(n(B  +  2fA)T)  + 
Ol+N  ~  H  +  ®i 


cos(ji(B  -  2/J7)  ~  1 
-  2/^)7 

cos(n(B  +  2fA)T)  -  1 
+  2/J7 


P.  =  0 


For  I  =  1 :M 

0  =  ^  (/  -  l) 

a*_r  =  cos(0) 
fc*_y  *  sin(0) 


For i =  1:M 

6  -  §  0  -  1) 

«*-(r*D  -  «**<?) 

=  «n(0) 

=  a*  2)(7)  +  a*_r  Jm(7)  +  6*-r  7j(7)  +  at-^i)  N-^k)  +  7^4) 


*» 

Pc  = 

End For 
End  For 
P,  =  1  -  Pc 


mi,  =  TW  +  ^i(*)  ~  a*-r  ^i(*)  +  &*-&>♦  i)  *:(*)  -  «*  -fr+D  7#) 

—  ff!y  COS02 


1  LK  sinflj  —  my  cos Jm,  sin0,  —  my  cos#,] 

*  =  Pc  +  W  J  “  9  Oi+n  J 


No 

7 


Figure  C  J.  Generation  of  the  average  probability  of  symbol  error  for 
a  transmitted  Af-PSK  signal  through  the  two-path  channel  model  with 
xA  >  T,  additive  finite  bandwidth  interference  and  AWGN. 


APPENDIX  D  -  DERIVATIONS 


DERIVATION  OF  EQ.  (2.10) 

Recall  that  the  group  delay  is  defined  as  G(f)  =  —  ,  ^us  we  ^ave 

2Jt  uj 

cm  =  -J-  A  tan-*f  ll 

m  2x  df[  *“  |ff,  +  H2  cos(2  xftA) J] 


Letting  <o  =  2  n  /,  and  recalling  that 


we  find. 


r(f,  = _ 1 _  d  f  H1  siD(^>  ] 

j  (  H\  sin^an^)  dtoyH1+H2cos(mA)y 


[Hx  +H,cos((ota)) 

It  can  be  shown  with  some  elementary  calculus  that. 


d  [  H2  sip(^)  1  =H  Ax  H2  +  H\ 
do>\H^H2Cos(,mtA)\  *  [H,  +  H* 


cos(anA) 


H2cos(anA)\ 


2‘ 


Thus,  we  find  by  using  eq.  (D.3)  in  eq.  (D.2), 


Gif)  =  H2  At 


H2  +  //j  cos(2  n  f  ta) 

Hj  +  Hl  +  2  H^H 2  cos(2  n  fxA) 


I 


DERIVATION  OF  CHERNOFF  BOUND  FOR  COMPARISON  TO  EQ.  (4.18) 
The  Chemoff  bound  of  the  phi  function  is  defined  as 


QO 

*~*m1*\  e",/2d‘ 


(D.l) 


(D.2) 


(D.3) 


(D.4) 


(D.5) 


for  X  equal  to  a  zero  mean,  unity  variance  Gaussian  random  variable.  The  tightest  upper  bound  is 
obtained  by  finding  A  that  minimizes  £je^*’~x)j  .  This  is  found  by  setting  the  derivative  of 

with  respect  to  A  to  zero  and  solving  for  A.  The  resulting  equation  to  be  solved  is 

E\X  e^Yx  £[>*]  =  0.  (D.6) 
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This  can  be  solved  by  noting  that  (see  for  example  section  3. 1  of  [1]). 


w 

E^X  =  j  t  (*'  -jL=  2  rft 

00 

J  (y+X)e~r 


_  <pn- 

Jin 


dy 


(D.7) 


by  first  completing  the  square  in  the  exponent  and  then  letting  y  =  t  —  X .  The  first  term  is  an  odd 
function  and  thus,  its  integral  is  equal  to  zero.  The  second  term  is  just  die  integral  of  the  Gaussian 
probability  density  function  and  so  is  equal  to  unity.  Thus,  we  find 


£[x  <-“]  =  ,! 


CD-8) 


Similarly,  it  can  be  shown  that 


(D.9) 


Using  eqs.(D.8)  and  (D.9)  in  eq.  (D.6),  we  find  that  the  value  of  X  that  minimizes  the  bound  is 
Xmi„  =  x  .  Thus,  with  this  value  of  A  in  eq.  (D.5)  and  using  the  result  of  eq.  (D.9),  we  find  the 
Chemoff  Bound  of  the  phi  function  is 

d>(—  x)  <,  e~T.  (D.10) 
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